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C H A P T E R  I
INTRODUCTION
In many problem s arising  in the theory of com pressible flow, 
the equations characterising  the solution of the system  a re  so 
in tractable that recourse  m ust be made to some approxim ate method 
which allows the essen tial features of the ;Clow to be preserved , whilst 
to some degree, simplifying the mathematics# It is  with certain  
methods of this type that th is thesis is  concerned.
In the subsequent work, we shall assum e that the effects due to 
viscosity  and heat conduction a re  so sm all a s  to be negligible. These 
assum ptions may be shown to be largely  valid except in those domains 
of the flow-field where the modified system  of equations pred icts 
regions in which the solution is  in general multivalued# In the 
modified system , however, such • regions* a re  avoided by the 
introduction of m athem atical discontinuities and, assum ing that the 
Jump conditions ac ro ss  them  can be determ ined, a re  sufficient to 
provide single-valued solutions valid everyw here, except a t the 
discontinuity.
The methods to  be presented a re  form ulated in the plane 
consisting of one space variab le  and one tim e variable.
§1. THE EQUATIONS OF GAS DYNAMICS
a. The Thermodyhamic Equations
The fluid is  postulated to be homogeneous and perm anent and 
such that the 'laws of BOyle and Gay-Lusaac a re  satisfied; that is , 
it is  àn  ideal o r  perfect fluid. We shall also assum e that the 'specific 
in ternal energy is  sim ply proportional to the absolute tem perature, 
thus it  is  in addition a poly tropic fluid.
Let p(x, t), p(x, t) and S(x, t) denote the Specific p ressu re , 
density and entropy at any point of the fluid. These functions a re  
assum ed to be continuous and differentiable a s  required. The condition 
that the fluid is  ideal im plies that the equation of state is
( i . i . i )  p a p R T ,
where T is  the absolute tem peratu re  and II is  the quotient Of the 
universal gas constant and the effective m olecular weight of the 
p articu lar fluid.
The assum ption that the fluid is  a lso  poly tropic leads in conjunction 
with equation (1. i .  i )  to the entropie equation of sta te , namely
«# 3 — 
p(p. S) A ,
in which the coefficient A depend® on the entropy, S, and y, the
adiabatic index, is  the ratio  of the specific heat® a t constant p ressu re
and volume, c and c respectively , of the given fluid, p V
F or the c lass of fluids under consideration here , eq^ratipn ( i .  i .  2) 
may he shown to he given explicitly by the relation {Gourant and 
F ried rich s, 1948)
y 8 - 8
(1.1*3) ) exp "—  .p p cO O V
where the suffix * o* signifies that the p articu lar quantities a re  
m easured in some standard state*
if th e re  i s  no ex ternal source of heat, then as the'effects-of 
v iscosity  and heat conduction a re  neglected, no heat is  added to the 
therinodynamic system  and thus changes of state a re  adiabatic. F rom  
the f ir s t  and second laws of therm odynam ics, such changes of state 
imply that the specific entropy of a moving partic le  rem ains constant; 
that is , for any partic le  of an adiabatic system
DS(1 .1 .4 ) = 0 ,
"Dwhere “  denotes the full- derivative following the partic le . If u(x, t)
4dénotes the velocity of a  partic le  of the fluid, then
D B
m ="Bt
Relation (1 .1 .4 ) does not hold, however, ac ro ss  discontinuities of the 
type re fe rred  to above w here, fo r an adequate description Of the flow, 
the effects of v iscosity  and heat conduction m ust now be included.
The partic le  paths of the fluid a re  determ ined by the appropriate 
solution of the equation
d% , 
dt" = '
and on those curves we have the condition ( i .  1,4) holding*
In a ll real fluids, the p ressu re  increases as the density, and 
vice v ersa , assum ing that the entropy is  constant. Accordingly, from  
equation (1 .1 . 2) th is im plies that
fo r a ll  sta tes in the flow, except the lim iting case p » o, fo r which
A positive quantity, c, îmving the dimensions Of velocity, may 
therefore be defined, such that
G(A A £.2 8 g  J(gC -  - t  Qp % p •
from  equation (1 .1 . 3). This quantity, c , can he identified as  the local 
speed of sound, a te rm  which will be justified  la te r .
F o r any value of 8, the function p(p. B) is  generally e ither 
convex downward o r linear, that is
l i p  .- - — >  0  •
»p“ -
The adiabatic index, y, m ust therefore satisfy the inequality
y > 1 ,
fo r the fluids with which we a re  concerned,
b. Euler* s Equations
The equations form ulated here a re  based on the principles of 
Newtonian m echanics and express the law of conservation of m ass and 
the equation of motion.
(i) Conservation of M ass
Consider my fixed control surface, S, enclosing a volume, V, 
in the fluid, in which there  is  a point x, with velocity u .. Assuming 
that there  a re  no sources o r  sinks within S, it  is  perm is sable to 
equate the rate  of increase of m ass in V to  the inflow into th is volume ;
Uiat iSi
a
Dt
On applying Green* s theorem  to the surface in tegral and using the 
condition that the choice of control surface is  a rb itra ry , the following 
resu lt is  obtained, which is  valid a t any point in the fluid.
8 A(1 .1 .6 ) + diy (p u^) = 0 .
F o r one dim ensional unsteady m otion, th is resu lt reduces to
l £ i f e s ) .  = 00 t  0 x
(ii) Equation of Motion
Consider a volume V bounded by a surface 8, of sim ila r 
p roperties to that above, but of infinitesim ally sm all dimensions. 
Since no viscous forces a re  p resen t, the s tre s s  ten so r reduces to 
the simple form
-  p n .  .
where n* is  the outward drawn norm al to the surface, S, a t the 
point X..
- 7 -
If no external fo rces ac t on the system , then Newton* s End law of 
motion yields.
Du.
Dtp v - 4 = - j  m  d s .8
By applying Green* s Theorem  to the surface integral, expanding the 
resulting volume in tegral and then taking the lim its  as  V tends to 
aero , the equation of m otion is  seen to  he given by,
Du.
F o r one dim ensional, unsteady flows, th is relation reduces to
Du Dp
p d T “ ■ a t  •
It is  convenient to  group the equations characterising  the one dimen­
sional, unsteady motion of a perfect, polytropic fluid and quote them  
in a  form  in which the density, p, is  elim inated in favour of the 
velocity of sound, c, and the entropy, S, by m eans of equations 
(1 .1 .$ ), (1 ,1 .4 ), (1 .1 .5 ),
a. Conservation of M ass:
—™  -I- u —- r  -T c ~  a 0 .7-1 7-1 Z
b, Equation. Of Motion:
OSf  Ç t  u2 ' 7-1 ' 2 2yW -l)Cy Ox '
(1. 1, 6)
c. Adiabatic Changes of State:
uS  -  0 .t  : X ■
d* Poly tropic Equation of State i
27 8-Sû1 .|..  ^.-• ru_
,_E_, V-l<=vv~*— ) ss I*7“T ) e
%
The equations a, b# o form  a totally  hyperbolic system  of the 3rd o rd e r 
in the th ree unknowns u, c and B, the solution of which may be expected 
to be uniquely determ ined when Uie boundary conditions appropriate to a 
given problem  a re  applied. The solution fo r the complete system  is  
obtained by using the poly topic equation of state to determ ine the p re ssu re , 
p, when c and S have been found from  the dynamical equations.
c. The C haracte ristics  and Compatibility Conditions of the System 
(1 . 1 . 8)
If new dependent variab les u(x ,t) , p(x,t) a re  defined by
u , Ç 
2 7*1
(1 .1 .9 ) I
p 4- , ]
2 7*1 j
then on addition and subtraction of equations (1 .1 .8 ) a , b, we obtain
<? as 
“t  + “x = a ï
<? a s
On inspection of equations (1 .1 .10) and (1 .1 .8 ) c, i t  may be seen 
that the flow-field is  covered by a netw ork  of three se ts of rea l 
ch a rac te ris tic s , which by convention a re  re ferred  to as  the 
C ‘ , G and ch a rac te ris tic s , determ ined respectively by the 
relations.
dxa. C . s) u 4" c
* dx(1 .1 .11) b. G . ^  -  u - cdt
,^0 dxC. L,. . -  = U .
The quantity c . is  by definition positive and therefore the relative 
orientation of the ch a rac te ris tic s  through a  given point, P(x, t), in  the 
field is  invariant. .For if the direction of increasing x is  from  left 
to right, then the ch arac te ris tic  d irections of and C are
always in the same o rd e r, namely anticlockwise. From  the c lassica l 
theory of hyperbolic equations, discontinuities in the f irs t  derivatives 
of the flow variab les a re  propogated into the fluid with the local velocity
-  10 -
4“of sound along, the forward^facing C e lm m cteristies and the backward- 
facing C q h arac te ris tics . These G haracteriaties may thus be regarded 
as  the paths of wave fronts on which sm all disturbances a re  transm itted  
into the fluid* Acoustic phenomena a re  m anifested in  th is  way which 
Justifies the te rm  * velocit^r of sound* fo r c.
The ch a rac te ris tic s  afford a m eans of * patching* together 
. . . . , - . . ' - . ■ ■ 
analytically different solutions of a hyperbolic system  and form  the
b asis  of a  num erical technique by which the solution of any well-
form ulated problem  of th is system  m ay be obtained to any required 
. ,. - ' ' • .
accuracy. As we a re  concerned here with approxim ate methods based
on an analytic determ ination of the flow, no fu rther details of th is
technique a re  given.
F o r the  f irs t  derivatives of the flow variab les to rem ain finite on 
the ch a rac te ris tic s , certa in  compatability relations m ust hold on these 
cu tves. From  the equations ( i . l . l O j  and ( i . l .  8) c , i t  is  evident that 
the necessary  conditions are :
a. on ay . y - i  c 0V 2y(V^i) 0 +
(1. 1. 12) b. o n f  , « , c ,
d xc* on 'gj' V u , D 5 é 0 ,
11
where and are  operato rs denoting differentiation with
respect to tim e along the and ch a rac te ris tic s  respectively»
that is-,
= A  + (u+c) g |  ,
8 8 D. = -gTj. !- (u-c) ^  .
9 . ®^ a i  9 Ï  ■
The constant value for the entropy is  determ ined by the in itial conditions 
in the particu lar problem .
This alternative form ulation of the governing equations, together 
with the equation of sta te , is  often p referab le to that given by the system  
(1 .1 .8 ), as it  provides a natu ra l and elegant Way of describing many 
flows.
§2. ISENTROPIC SIMPLE WAVES 
a. B asic Concepts
If the flow is  everyw here isentropic, then the characte ristic  
relations 1 .1 . IE, in tegrate to yield the simple resu lts ,
dxa. 4% = , on jTT u f  c »o dt
(1 . 2 . 1) b. P = . on ^  = u -  c ,
c. B is  constant everyw here.
— 13 —
where the constants of integration , p a re  supplied by in itial data.o o
If the ro les of the dependent and independent va liab les a re  
interchanged, the isentropic system  reduces to a second o rd e r, linear 
pa rtia l differential equation of the E u le r-Pois son* Barboux type in e ither 
of the physical variab les x ,t .  Points in the physical plane have a one- 
to-one correspondence with those of the charac te ris tic  plane so long as 
the Jacobian of the transform ation, > is  non-singular. In
general, any finite region of the (x,t)*plane is  mapped onto a finite 
a rea  in the (cf,p)-plane. The extrem e degenerate case is  when the 
flow is  uniform: ct = constant, p = constant. The en tire  physical plane 
in th is instance corresponds to a single point of the ch arac te ris tic  plane.
A case of p a rticu la r im portance occurs when an elem ent of a rea  
in the physical plane is  mapped onto a single a rc  in the characte ristic  
plane. This situation occurs only when the Jacobian of the transform ation, 
f  , vanishes a t a ll points. Three cases can be distinguished:
(i) & ^ constant, p = constant,
(ii) ct # constant, witli P variab le ,
(iii) p s constant, with ct variable.
In case (i), the solution corresponds to that of uniform flow including the 
special case o =: *p = constant which corresponds to a vacuum, that is  
the density and p re ssu re  a re  eero. C learly , th is type of How is
'-I
represented  in the characte rie tie  plane by an *arc* consisting of one
C ases (ii), (iii) introduce the concept of the sim ple waVe. To any 
theorem  derived fo r a  = constant th e re  is  a  dual one for p = constant. 
Accordingly, two kinds of simple wave may be distinguished: when p 
is  constant, the simple wave is  described a s  * forw ard-facing*, whilst 
when o is  constant the simple wave is  said to be * backward-facing*.
A forw ard-facing sim ple wave is  then mapped onto the a rc  p constant 
In the charac te ris tic  plane and a backward-facing wave onto a  constant. 
F or a forw ard-facing sim ple wave, equation ( l . i . l O )  has solutions of 
the form
.x -a .
«  = «  '
4'where a , b a re  constants. The C ch a rac te ris tic s  on which a  is  
constant a re  therefore straigh t and the c ro ss -ch a ra c te ris tic s , C , 
a re  in general curved. F o r a backward-facing wave, the situation is  
reversed .
Each basic type of sim ple wave is  fu rther subdivided into two 
distinct groups. If the p re ssu re  and density of à fluid p artic le  decrease 
with tim e increasing, then tlie wave is  called a rarefaction o r  e3q>ansion 
wave. Conversely, if the p re ssu re  and density increase , then the wave 
is  a com pression o r condensation wave.
14
Using the tliemiodya^amic p roperties .derived in oeotion la ,  
it Clin be shown that the velocity of propagation of sound waves,
4-on the C , C ch arac te r!s ties  in a forward-Ihcing and backward- 
facing sim ple wave respectively , changes a s  the fluid velocity; 
that i s
> '0 , 'in a'forw ard*facing -simple wave#
d ~ ”  > 0  ^ in a backward-facing sim ple wave.
Taken in conjunction with the above rem arks on rarefaction  and 
com pression waves, Uie.se 'inequalities indicate'that'the., straight, 
ch a rac te ris tic s  in rarefaction  waves diverge, w hilst those of the 
com pression wave converge.
Since a  physically possible flow is  represented only by portions 
of the (x, t)-plane in which the Straight ch arac te ris tic s  do not c ro ss  
each other, the follovdng basic difference between rarefaction  and 
com pression waves em erges. F o r given initial conditions, a rarefaction 
wave can extend for an infinitely long tim e, w hilst the com pression wave 
is  re s tr ic ted  to a finite in terval of tim e.
The four types of sim ple wave®: a re  illu stra ted  in F igure i .
— 15*#
An im portant theorem  concerning simple waves is  that the flow 
in any domain adjacent to a region of uniform  How is  a simple wave*
To prove this we note that if the region • 1* in the (x»t) plane is  
hounded on the right by region * 2* of constant How, as  in F igure 2, 
then the ch a rac te ris tic s  in th is  la tte r  region a re  straight* if the 
boundary between the two regions is  a 0  ch arac te ris tic , then the 
lines in one region do not en ter the other* On the other hand, 
the ch a rac te ris tic s  G* pass continuously from  one region to the other 
carrying the constant value p . Thus P is  constant throughout region 
• i* so that the flow there  is  a forw ard-facing sim ple wave*
b* P ro p erties  of Simple Waves
Since the p roperties of backward-facing and forw ard-facing simple 
waves a re  derived in s im ila r m anners, we shall deduce only those 
pertaining to the la tte r  type of wave*
It is  custom ary to re fe r  to the ch arac te ristic  variab les (o, p ) , 
which a re  constant on the respective ch a rac te ris tic s , as  the Eiemann 
Invariants* Thus, fo r a forw ard-facing Simple *wave, the Riemann 
invariant p has a constant value throughout the flow-field*
In the following work, a  suffix • o* is  used to denote conditions
taken in a uniform  flow region, adjacent to a sim ple wave, in which the
fluid velocity, u , is  positive, o
4:6
Since a forward?facing wave is  chayacteHsed by tb# condition that
the Eiemann invariant# P» has the vaWe p , the compatabilityo
condition on the C ch a rào teris tics  yieids the resn it
Î S  (C -  c  > a  ( u  -  U  ) .O <5 O
The quantities p# p can now be obtained at functions of the velocity 
difference, u - u  , from  the isentropio form  of the equation of state• iO < '
( i , i ,  S)d and equation(i. B), whence
u - u  y - i
P = + a C
(1 .2 . 3) °
u - u  y - i
p « + ^
o
To determ ine the sim ple wave com pletely, it is  necessary , therefo re , 
to have knowledge of only one of the variables u, o, p o r  p.
We now derive the basic analytic expressions for sim ple rarefaction  
and com pression waves, the la tte r  leading naturally  into a discussion 
of shock phenomena-
Barefaction Waves- It is  e a s ie r  to d iscuss these questions 
physically by relating them  to the motion of a piston bounding a sem i­
infinite column of fluid. If initially  the fluid and piston a re  moving with
;i '7 -
uniform  velocity# u^# then what may be said of the resulting Slow if  
a fte r a finite tim e the motion of the piston ip retarded  ?
iiet X denote the dietanoe of a partic le  of the fluid m easured 
from  the tim e t  & o, when the piston acceleration  f irs t  becom es 
negative-
A suffix * p* is  used to denote param ete rs  taken on the piston 
path. The m otion of the piston is  given by
where is  a continuous and differentiable monotonie decreasing 
function# such that
(1) XI (0) ® u % o
where dashed symbols denote differentiation w. r . t  t^,
Conditions (il, (Ü) ensure that the transition  of the piston motion 
from  a  uniform state to a  retarded  state is  continuous.
The flow^field in the (x, t)-plane is  a s  illu stra ted  In F igure 3.
The flow resulting from  the motion Of the piston is  confined to  the 
domain
This region is adjacent to one of uniform  flow and the field en ters 
from  the right. The flow in i t  is  therefore  a forward#facing simple 
rarefaction wave# with Riemann invariant p and the O character^ 
ie tics a re  straight. On the piston, the fluid velocity is
«  = X - < tp ) .
In general the fluid velocity, u, and the local speed of sound, c, 
found from  the compatahiiity condition on the ch a rac te ris tic s , the 
Riemann invariant, and the above resu lt fo r the velocity of the 
fluid on the piston, a re
(4.2, 4)
u « X )(t 1 , % F
The p re ssu re , p* and the density, p, a re  then obtained in te rm s of 
the given data, X^(t ), u^ and from  the relations (4.2.  S).
Since the velocity of the forward#facing sound waves changes in 
the sam e sense a s  the fluid velocity, the ch a rac te ris tic s  diverge 
from  the piston path, a s  indicated in F igure 3*
That the foregoing discussion m ust be modified if the final piston
# ÏÏB
velocity, exceeds a certain  lim it, is  evident from  relation ( i ,  2. 3). 
The maximum expansion that can be attained corresponds to a wave 
which is  completed by vacuum conditions; p “ o, p o, that is  when
2u . » U - ---T c s - 3 p f o o o
The simple wave, called a completed simple wave, thins the fluid down 
to zero  density# p ressu re  and consequently zero  sound speed* If, 
however, u^ > # 3p^ , then the wave is  completed on the charac te ristic  
through the point on the piston path fo r  which u ™ u^ • Between the ta il 
of the incomplete rarefaction  wave and the piston path, there  is  a region 
of uniform  flow in which p * p^ , p = p^ , u « u^ . The final wave feature 
occurs if  u^ < - B p . The rarefaction  wave is  completed on the 
charac te ris tic  on which p = o and between the ta il  of the wave and the 
piston path is  a zone of cavitation, that is ,  a vacuum*
The solution fo r the sim ple rarefaction  wave is  completed by 
obtaining the equations of the ch a rac te ris tic s  a s  functions of the 
independent variab les, (x,t)*
In te rm s of the Riemann invariants, dr and the partic le  
velocity, u, and the local speed of sound may be expressed  thus
U » df -
(4*2.5)
C ~ (<%4^ •
- 20
On the piston curve, we have also  from  equations (1. E. 4}
SO that we may put
(1. E. 6) X = X{a}  , t  * T{a)
on the piston curve, where X and T a re  known functions*
+The equation of the C ch a rac te ris tic s  is  then
(1* E* 7) X -t x(a) = ) ( t -  T(«)) ,C> O
and that for tîié Ci ch a rac te ris tic s  from  (4* i* 44) now becomes
(4* E* 8 a) ^  o *♦ ,Ut <5 É* O
Equation {4,2.7) provides a relation for x  in  te rm s of t and a  which 
is  valid throughout the simple wave domain. We may therefore  elim inate 
e ither x  o r  t  in (4 .2 .8 ) using (4.2*7) to obtain a linear, f irs t  o rd er 
differential equation in e ith er x o r  t* In the independent variab le , t, 
th is equation is
— 21* —
(4 .3 .6  W
dt , # 4  t  _ # 4  T X*  ^ _ _ _ _ _
2(y"i) 2(y -l)  (<rf*p^ )Z* (y-4) (ôrt-p^)  ^  ^Z(y^i)  (ctYp J
and fo r given in itial conditions, the definite in tegral is easily obtained. 
The equation of the partic le  paths, (4 .4 . 44), in te rm s of à  and
is
disc( I .E .9 a) -J- » a  -  p ,at o
and may be reduced to a f i r s t  o rd er, linear differential equation in 
e ith er x o r  t  in a m anner s im ila r  to that above. In te rm s of t, 
th is equation is
(4 .2 .9  b)
do (y-4) (e^p^) (y#4) (<#p^) (y-4) ((M-p )^ ^ (y^4) (ohp^)
A rarefaction  wave of considerable im portance to the la te r  work 
is  form ed when the retardation  of the piston takes place instantaneously. 
The family of C ch a rac te ris tic s  degenerates to a pencil of lines 
through the origin, taken where the piston motion changes, and the 
resulting flow is  known as a • point-centred* simple rarefaction wave. 
The flow param ete rs  may be obtained in a  m anner s im ila r to  that 
given above fo r the general case , with the sim plification that the 
function X^(tÿ) is  now of the form
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w here Is the constant velocity of the piston fo r values of tim e 
g rea te r than zero , c learly  • The point-centred simple wave,
illu stra ted  in Figure 4, affords an example of an in itial discontinuity 
which is  im m ediately resolved into continuous flow.
Com pression Waves. If the piston is  accelerated  into the fluid
instead of being withdrawn, then a sim ple com pression wave orig inates
a t the piston. The above form ulae and com ments pertaining to  the
rarefaction wave a re  s till largely  applicable except that now the
density, p ressu re  and partic le  velocity increase  with tim e. Since the
*piston velocity is  an increasing function of tim e, the C ch arac te ris tic s  
will eventually in te rsec t and, a s  shown in Figure 5, w ill form  an 
envelope on which the solutions of the governing equations a re  m ulti­
valued and thus physically inadm issable.
The representation  of the envelope is  determ ined as follows.
The fluid is  assum ed to be at re s t  Initially and consequently c^ now 
denotes the velocity of sound under stagnation conditions. The piston 
path is  given by
.
where X  is  a continuous and differentiable monotonie increasing
function in the in terval 0 < t  < , satisfying the conditions
W x (0) » 0 % X(0) 
(4 .2 .10) (Ü) ^ \ )  > 0 , fo r \  > 0
n X= 0 , fo r t >  t  ,
X ’hwhere t  is  chosen such that only one envelope is  form ed by the C 
ch a rac te ris tic s  generated by the piston motion and X is  à  param eter 
denoting the tim e a t which the C characte ris tic  through the point 
(k, t) s tarted  a t the piston.
F rom  (1 .2 .7 ), the resulting Simple wave may be represented  by
(1 .2 ; 11) X » X(X) t  § ] ( t -  X) .A A p
On substituting fo r of(X) in  te rm s  of X(X) and c^ from  equation
(1 .2 .4 ) witli u « 0, the above equation may be w ritten  aS o
(4 .2 .12) X » 3I(X> f  X* (X) f  c j  (t-X) *
The envelope of th is family of ch a rac te ris tic s  is  determ ined by the 
condition that the derivative of x  w. r . t* X vanishes, so that
(1 .2 .43) t(X) s  X«(?t) + — T c
» '(K )
are the parametric equations of the envelope.
Binpf X(X) and the derivatiyes w, r.t X are positive, it is
evident # a t  fo r X > 0 , the envelope is  form ed in the flow region
X > ^{X). The minimum value ^er t  on the envelope occurs in 
dtgene m l when *^ 0 , that Is when x sa tisfies the equation
? v  y i i f U(4 .2 .14) o X .}. j |r iï(x‘} •
dxSince ^  is  also  zero a t this point* the envelope hes a cusp a t the 
minimum point.
nWhin X(o) >  0 # the in itial point of the envelope* 
is  obtained by putting X $ 0  in (I, 2. 43), that is
2 c
(4 .2 .15) X e I % # ^n
The initial point of the envelope therefore lie s  on the f irs t  characte ris tic  
of the simple com pression wave,
X # c^t ,
as indicated in F igure S*
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MWhen X(0) = 0 0 then to obtain the coordinates of the in itial 
point of the envelope, equation (1. 2 . 44) m ust be solved for X, 
which is  then substituted into (4. 2. 43) to yield the required 
coordinates. It is  also im portant to note that the envelope is formed 
in the simple wave region.
When X(0) < 0 , then the piston is retarded  and there  is  no 
point of the envelope in the domain x >  X(X) corresponding to the 
in te rio r of the (x, t) domain of the flow, as is expected.
§3. SHOCK WAVES
The occurrence of multivalued solutions for the flow va riable s
-j-in the domain of the envelope of the C ch arac te ris tic s  in the simple 
com pression wave necessita tes that we reasse ss  the physical 
assum ptions on which equations (4 .4 .8 ) are  based. These assum ptions 
a re  tenable only when the velocity and p ressu re  gradients are  small.
In the neighbourhood of the envelope, however, this is  no longer so. 
The effects due to v iscosity  and heat conduction m ust now be included 
for an adequate description of the flow in this region. In th is domain, 
the thermodynamic changes will be irrev e rs ib le  and consequently the 
entropy of a partic le  will increase . It has been observed in fluids 
that such effects are  confined to very narrow  zones, of the o rder of 
the m ean free path of a partic le , w hilst outside the zone the flow is
# 26 #
such as may be described by an adiabatic reversib le  p rocess.
This fact suggests that as a m athem atical idealisation of the flow 
structu re , these zones may be replaced in  the (x, t)-plane by curves, 
term ed * shock loci*, ac ro ss  which the dependent variab les change 
discontinuously and the thermodynamic p rocess is  irrev e rs ib le .
The flow on e ith er side m ay then be obtained from  the system  of 
equations ( i . i . 6 ). it  should be noted, however, that as  the conditions 
of inviscid flow a re  violated, How patterns which include shock fronts 
cannot be considered a s  discontinuous solutions of the diH erential 
equations fo r a perfect Huid. They a re  to be regarded ra ttie r as 
asym ptotic solutions of the equations for viscous flows when the 
v iscosity  tends tow ards zero.
In the com pression wave problem  a shock curve would be 
introduced into the flow-field, beginning a t the in itial point of the 
envelope and continuing so that it  cuts each ch arac te ris tic  
before the la tte r  in te rsec ts  with the ch a rac te ris tic s  of the same 
fam ily. It is  im portant to note that shock loci a re  not ch a rac te ris tic s .
This idealisation will be fruitful provided that the jum p conditions 
ac ro ss  the discontinuity a re  determ inate. We now determ ine these 
conditions, known as  the! Jlankine-Hugoniot shock rela tions, by 
applying the princip les of conservation of m ass, momentum and energy 
together with the conservation o r  increase  of entropy to a column of fluid*
-  27 #
The two regions separated by the shook, term ed * ahead* and * behind*, 
a re  specified by assum ing that the p a rd c ie s  pass through the shock from  
ahead to behind. We shall always assum e that the region ahead of the 
shook is  the one in which x m ay increase  without lim it. Quantities in 
those regions w ill be denoted respectively by the suffices * 0* and * i* .
We assum e that the column of fluid a t tim e t  covers the domain 
A q# < x <  a^(t), where a^(t)> a^(t) denote the positions of partic les 
a t the ends of the columns, and that the shock locus is  specified by |  (t), 
where a^{t) < g (t) < a^(t) .
On applying the above conservation principles to this column, we 
then obtain the following relations.
d Ia> Conservation of Maas; ~  I p'(x,t) d^ « 0 .
a, I- %
db. Conservation of Momentum; —  / pudx p(a^, t) - p(a^ ,t)
(i« 3.4)
e. Conservation of Energy;
a fW  I e)dx  » p ia^it) u(a^,t) - p{a^,t) u(a^,t> ,
in which e denotes the specific in ternal energy of the fluid.
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d. Ino*«ase o? Conservatio» ef Entïopy:
• ^ J  p § âx> 0 .
ao<»)
Qf th# âbpvé relations, equation (a) is  obvious while equations (b) and (c) 
express the respective assum ptions that the only forces acting a re  p ressu re  
fo rces and that the to tal gain in energy is  due entirely  to the action of these 
fo rces, Relation (d) sta tes that the column e ith er m aintains o r  gains entropy.
All the preceding integrals are of the form
S ^ I iji (x, t> du Î
»g(t)
where the integrand is  discondnuous a t the in te rio r point x »  | ( t )  of the 
iitterval of integration.
Differentiating w. r . t  tim e t , we then obtain
§ (f) a^(t)
ili(x ,t)du  »|j(x,t)du .
Ê Ë B j) dx + ijijji(t) - ilj(ajj.t) w(a^, t)
v/licré ù(a^, t) , denote respectively the velocities of the p artic les
a t the ends of the column, ând | ( t )  is  the velocity of the shock, 
a re  the lim it of ^{x»t) as  x from  above and below respectively*
We now perform  the lim iting p rocess, allowing the length of the column 
of fluid to tend to zero, that is
lim ^  =  W w . * | )  “  > l ' J w u - | )  •(a^-a^j) *  0
Thtta we arrive fycati relation $ (1.3.1), the four baslo jump conditions 
relating quantities on either side of the shock;
a* Conservation Of M ass: »
b* Conservation of Momentum;
-  Po<«o'&No «Pq"P^ .
( i .3 .2 )
c. Conservation of Energy;
P l% ''l^  +‘(^:^yp‘ ) («o“è)
" Po% - P l ^  •
d. Conservation o r Increase of Entropy;
P l< «^-i)S ^> P o(u  - |)S ,J  .
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In equation (o), we have made use of the substitution
e “ a  ^y*i *
which is  valid for a p e rf ect fluid.
If conditions on One side of the shock a re  given together with the 
shock velocity, | , then the above equations may be solved uniquely fo r 
the four unknowns u, p, p and S on tlic * other* side.
0 sing relation (a) above we may w rite (d) in the form
(4 .3 ,3 ) i  0
that is , the entropy of a partic le  does not decrease on passing through 
a shock.
To derive some p roperties of shock flow, it  is  convenient to rew rite 
the above relations a s  functions of a param eter, P, the shock strength 
defined by
(1 .3 .4 ) P  *= — .
h
We then obtain from  equations (4 .3 . B), the following relationships^
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a* I  - uo
(1,3, 5)
c,
C^(l P)^ ,
O p  ^
Y 2lY
0
(14 P) (1 + "“ ’"’t*)
(1 2v
d. h  = Po
( i + - ^ p >
 ......
H - t r ^ P )
On substituting fo r p$ p in te rm s of P , the equation of state fo r a 
polytropic fluid (1 ,1 .4 ) y ields the resu lt for the change in entropy ac ro ss  
the shock as
= ( i + P)
P)
( I f  ^ ^ p )  Ay
3ince i  ^0 # it follows a fte r  some algebra, that P  satisfies the 
inequality
P >  0 ,
that is , the p re ssu re  behind the shock is g rea te r than that ahead of it
. I
if the shock is  of non-zero  strength*
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We now derive some im portant p roperties of shock transitions,
(i) A shock of non-zero  strength  is  compressive* This resu lt 
follows simply from  relation (d) fo r P  > 0.
Li) The change in entropy ac ro ss  a shock is  of the th ird  o rd er 
in the shock strength. F rom  relation  (e) we have on differentiating 
w. r. t  P  ,
Since the te rm  in the square bracket is  of o rd er unity, the resu lt follows,
(iii) D isturbances which a re  propagated from  behind the shock 
always overtake the shock and the shock itse lf always overtakes any 
disturbance ahead of it. We note from  relation (a) that for P > 0 ,
(1 .3 . 6) I  > u t  c .’— O'  o
On adding (b) to (c) and then subtracting the sum from  (a), we have,
I  -  (u ^  4- c ^ )  s  # (4 t  P )^  3
< 0 *
since 1 f  P  < 4 î* P  , a s  y > 4 , by definition.
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The velocity of the shock, g , is  therefore such that
As disturbances in the fluid a re  propagated with the locaT velocity 
of sound relative to the motion of the fluid, the above deduction 
follows.
(iv) The lim iting form  of a shock a s  its  strength, P , tends 
to zero is  a  sound wave. As the shock strength tends to zero, we 
have from  relations (b) and (c) of ( i .  3 .5), the resu lts
U. u and c . O , t o  %
Therefore, from  relation (i* 3. 6  a), we obtain in the lim it as 
F ^ O  ,
that is , the flow speed relative to the shock front is  the sound speed* 
This is  the condition for the propagation of sound waves as given by 
the ch a rac te ris tic s  in the physical plane.
A problem  which can be solved completely using the relations 
(1. 3. S), is  that of a piston being pushed into a fluid a t re s t with
unifomol velocity# ix^  . A  discontinuity in the flow im m ediately develops 
which is  resolved a s  a  shock front propagating into the stagnant fluid 
with velocity § . Since u^ is  constant, relation (fe) yields a quadratic 
equation fo r P  of which the positive root is  chosen. The solution is 
then completed by obtaining the rem aining flow variab les, a ll with 
constant values, from  the appropriate relations of ( i .  3.5).
In the preceding example, the region behind the shock front is  one 
of constant entropy. This is  due to the motion of the piston being 
uniform  in all respects. In general* however, the piston motion is 
usually a non-uniform  function of the tim e and consequently the p ressu re  
change ac ro ss  the shock is  non-constant and the region behind the shock 
wave is  now one of variab le entropy which considerably com plicates the 
fu rther development of the solution. It is  with such flows that the 
approxim ate methods advocated la te r  a re  cqncerr^ed,
54. THE HYDBAÜHe ANAEOGÜE
An analogue to the motion of gases is  encountered under certa in  
circum stances In the motion of an incom pressible fluid under the action 
of gravity and when there  is  a free  surface, hi p articu lar, we a re  
concerned with the motion of w ater In the problem  analogous to the 
* piston problem* of gas dynam ics In a one*^dimensional, unsteady system .
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We asBume that the w ater is  contained in an infinitely long channel 
of constant depth in which there  is  # v ertica l plate free  to  move in 
a horizontal direction. F o r the basic princip les, we follow la m b  
fi952 E d .} who assum es that the motion of the system  may be 
determ ined according to the princip les of **shallow w ater theory**.
This theory is  derived from  the norm al hydrodynamic equation with 
the assum ption that the excess of p re ssu re  over atm ospheric p ressu re  
is  a s  given by the hydrostatics law and it  will be shown that the 
resultm g equations of the system  a re  analogous to those of the one 
dim ensional, unsteady motion of a perfect polytropic gas in an 
isentropio state provided the adiabatic exponent is  taken as  2 .
tising th is theory, s toker ti948j has given an account of those 
hydrqdynamical flows s im ila r in  type to the simple wave and shock 
wave flows of gas dynamics. In an appendix to th is paper, F ried richs 
has shown by a perturbation procedure that the hydrostatic law is  valid 
so long as the height of the free  surface above the bottom of the channel 
is  sm all com pared to the radius of curvature occurring a t the free 
surface. This condition has subsequently been contested by tlrseH
The following derivation of the governing equations is  based on the 
assum ption of the hydrostatics law and is  sim ila r to that of Stoker.
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». B asic Equations
An inviscid Huid of constant density, p , is contained in an 
infinitely long Hat-bottomed channel and the motion of the fluid is 
assum ed to be unsteady and in  two dimensions. The choice of 
coordinate system  is  a s  indicated in  F igure 6 . The free  surface of 
the fluid is  given by the equation y = h(x, t) and the components of 
velocity in the directions (x,y) a re  specified by (u, v) respectively. 
The y axis is  chosen vertically  upwards.
tinder the assum ption of constant density the general equations 
of continuity and motion, ( i. i* 6 ) and (4* 4.7), reduce respectively to 
the sim ple form s.
a. Continuity; u  t  v . & 0 . ■  ^ K y
(1 .4 . 4) b. Motion in the x-direction; P ** ~P^ •
Dvc. Motion in the y-d irection; p % -p  - gp ,jwt y
where g denotes the acceleration  due to gravity and p is  the excess 
p ressu re  above atm ospheric p ressu re .
The boundary conditions imposed on the velocity are :
a. At the free  surface, the vertica l component, v , is  given by
3?
V « S f e j j  t  uh $ on y « h(%# t) *Jwt & X
(4.4. Z)
b. /i t  the bottom of the channel, v is  zero , that is  
V « Ô , on y Ï5 0 .
The dynamical condition on the p re ssu re , p, a t the free  surface supplies 
the fu rther boundary condition
(1 .4 .3 ) p ^ 0 , on y a h(x, t) .
If the eqxmtion of continuity is  now integrated with respect to y for 
0 ^ y  ^  h(x, t) , then on using the boundary condition, {1.4* 3), on Ô , 
we obtain the resu lt,
h(x, t)
h , 4- uh I- / u dy » 0 * t X j X ^
0
which may be rew ritten  a s
h(x, t)
(4 .4 .4 ) h ^ » h ~  I udy = 0 .
0
At th is stage, we introduce the approxim ation which leads to shallow 
w ater theory. We assum e that the v ertica l component of acceleration  
of the fluid p artic les has no effect on the p re ssu re , p. On integrating
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equation { i.4 . i ) h  fo r p  and using the boundary condition for the 
p re ssu re  a t the free  surface, i t  is  seen that the above assum ption is  
equivalent to  assum ing the hydrostatic law fo r the variation in p ressu re  
throughout a  v e rtica l * columu’ of the fluid, that is
<i*4. S) p a pg(h-y) .
We note from  this relation that
so that p^ is  independent of y. It follows ttiat the horizontal component 
of acceleration  is  the sam e fo r a ll fluid p artic les  in a plane perpendicular 
to the direction of the x-axds. All p artic les  which once lie in such a plane 
always do so, tt%at is ,  the horizontal component of velocity, u, is  a 
function of X and t only. In the subsequent work we shall assum e 
that the fluid Is initially  in uniform  motion in the x-d irection , so that 
the above condition is  satisfied.
The horizontal component of velocity, u* is  then a  function of 
(x ,t) and the equation of motion, (4*4 ,4)b* may thus be w ritten
(1 ,4 ,6 ) a, u^+ uu^ ^ -gh^  ♦
and the integrated form  of the equation of continuity, (1 .4 .4 ), reduces to
b, h. i- uu 4 hu . % 0 ,t  X X
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It is  convenient to introduce the concepts o£ excess force p e r unit 
length and of m ass p er unit length, denoted respectively by p and p ,
W x,t)
P S I p d y
J q
and
h(x, t) 
p a p /  d y .
On using the hydrostatic p re ssu re  law* these expressions integrate to
and
p e p h  ,
that is , p and p satisfy the relation 
(1.4. t )  p » ^
The relation between p , p is  thus s im ila r to that between p , p for
a polytropic gas in an isentropic state with adiabatic index, y , taken
as  E. There is , however, one im portant difference. In the la tte r
system , the constant of proportionality in the equation of state is  
dependent upon the entropy and consequently the relation cannot be
w 4r0 -
used ac ro ss  a shock Iront. In shallow w ater theory, however, this 
constant is  * universal* fo r the system  so that the above restric tion  
no longer holds*
The * sound-speed* $ c , may be defined in tlie same m anner as 
previously, that is
(4.4*8) C  ^ SS $  F4 S  p  S5 gh ,V  P
and on substituting fo r h(x ,t) in te rm s  of c, the equations of 
continuity and motion, ( i .  4 .6 ), become
(1 4 .9 )
%u. T ' t u n  t  cc =3 0 ,2 t  2 X %
14" UC t  %cu s 0 . t  X 3 X
On com paring th is system  of equations together with the * adiabatic law*, 
(4 .4 . 7), with those for a perfect polytropic gas with constant entropy,
S ^ S^, and adiabatic exponent 2, that is  (1.1* 8 ) with y * it is  
evident that they a re  form ally equivalent. We may conclude that under 
s im ila r conditions, flow patterns in both system s exhibit analogous 
featu res. Explicit resu lts  fo r sim ple waves in shallow w ater a re  
therefore not given a s  they m ay be obtained from  those derived in §E.
However# when entropy varia tions occur in the ilow of à gas» as when 
shocks develop» this correspondence of resu lts  b reaks down and the 
conditions appropriate to shallow w ater theory m ust be derived ab initio.
To distinguish the Riemann Invariants in the hydraulic analogue 
from  th e ir  counterparts in gas dynamics# we define them  a s  r  and s 
where
On a characteristic»  given we have the condition
^ Î , cÎjK  ^ 3r  constant and on a C ch a rac te ris tic , ~ ^  ^ have
s * constant.
Equations (1 .4 .9 ) w ritten  in ch arac te ris tic  form  a re  then
(1.4.11) and
b. Bores
We now derive the jum p conditions appropriate to a surface of 
discontinuity in  the hydraulic analogue. In hydrodynamics, as  d istinct
*• 4E *f
from  gas dynam ics, it is  custom ary to re fe r  to these discontinuities 
a s  » b o res’ , and Us the term inology is  indicative of the fluid re fe rred  to# 
the convention is  observed here .
The situation corresponding to the form ation of a  shock in 
shallow w ater theory# is  effected hy pushing a v ertica l plate horizontally 
through the w ater with non^'de creasing  velocity. The O’ characteristics#  
along which the disturbances due to  the motion of the plate a re  propagated# 
converge to form  an envelope and the apparent many*valuedness of the 
flow is  reconciled by a bore# which allows the dependent variab les to 
change discontinuously. The jump conditions ac ro ss  the bore a re  
obtained from  the principles of conservation of m ass and momentum in 
p rec ise ly  the m anner given in §3# and by com parison with the same a re
*  *
Conservation of M ass; p^(u^» | )  | )  « m  ,
( i . 4 . 12)
Conservation of Momentum: P .u .(u .^ ê )*  p u (u * p -p . ,i  4 %  ^ o o o  ^ ^o i
where the notation is  a s  defined previously a n d ’m* specifies the m ass 
flux through the bore.
An im portant difference in the m echanism  of shocks and b o res 
em erges if the principle of conservation of energy is  applied to the flow. 
F rom  (4. 3. 2) c with y * 2 , a  m easu re  of the change in energy of the 
fluid ac ro ss  the bore is  provided by the expression
On substituting for m , u , p, and p in te rm s of p . , p and .m0 4 o i  o
from  relations (4*4.40) and (4 ,4 .7 ), the above form  can be written» 
a fte r some manipulation# as
_  _  3
£M<
P 4P,P^
Since the quantities in  th is expression a re  a ll positive# the energy 
balance of the system  is  not m aintained unless the motion is  continuous# 
in which case p^ # p^ and the bore is  then vanishingly weak. If we do 
not wish to postulate the existence of energy sources a t the bore, so 
that we assum e a partic le  loses energy on crossing  a bore of finite 
strength, then in the above expression we require the condition
(4 .4 .43) "
to hold in any possible transition .
Since h(x, t) is  a constant m ultiple of p , the energy condition 
im plies that p artic les  move ac ro ss  the bore from  a region of lower depth 
to one of higher depth, that is  on adopting the convention used fo r shock 
waves, the bore front moves in the direction from  the region ’behind’ to 
the region ’ahead*. We assum e that the region ’ ahead* is  the one in 
which X may increase . The velocity of the bore front | ( t )  is  then positive.
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The fact that the law of conservation of # n e r ^  is  violated a t the 
bore is  to he In terpreted  aa meaning that the energy balance cannot be 
m aintained through the sole action of m echanical forces and that the lo ss
t
of m echanical energy is  m im ifested a s  heat duê to turbulence a t the front 
of the bore. In com pressible flows# the conversion of m echanical energy 
into heat Is perm itted  through the agency of entropy and the conservation 
of energy Is maintained.
A  convenient param ete r to choose to illu stra te  some properties 
of bore transition# 1# H # the ra tio  Of the depth# of w ater behind and 
ahead of the bore# that i#
‘*1H ^ .
%
From roIaWwi (1.4.13), w« havo the condition
(1.4.14) H> 1 .
In shallow w ater theory it  is  convenient to use non*dimensional 
flow param ete rs . This Is easily  accom plished by referrin g  the relevant 
equations to  the constant value of the velocity of sound in the region ahead 
of the bore, which is  a stagnation region in the problem s which are  
discussed. The symbol • t* is  then used to denote a m easure  of tim e 
having the dimension# of length. The stagnation velocity of sound is  thus 
taken as unity.
“ 45 *
The jump conditions in te rm s of H a re  then* from  (1 .4 .8 ) 
and (1 .4 .12),
k. I  «
(1 .4 ,15) b. u , = (H-4) kmy - mi   V 2H
The above equations a re  the analogues in shallow w ater theory to those 
which hold for shock waves. With m ethods sim ila r to those employed 
previously we m ay deduce from  the above equations that:
(i) the lim iting form  of a  bore is  a * sound*wave*,
(iij d isturbances propagated from  behind the bore always 
eventually in te rac t with the bore* and
(iii) the bore itse lf  always overtakes any disturbances ahead of it*
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C H A P T E R  n
STATEMENT OF THE PROBl,EM 
AND FRIEDRICHS’ APPROXIMATE SOLUTION
INTRODUCTION
We now state the general problem  which the approxim ate methods 
presented in the subsequent chapters attem pt to describe and give a 
summ ary of a well-known approxim ate solution due to F ried richs 
[1940] which will be examined in the light of those methods*
In §3 Chapter I# it  was indicated that the problem  of a piston 
moving with uniform  velocity along a tube of constant c ro ss-sec tio n  
into a fluid a t re s t could be uniquely solved by an elem entary 
application of the Rankine-Hugoniot relations* However, in the general 
case of piston motion, the velocity of the piston is  non-constant and the 
resulting motion of the flow is  difficult to determ ine, tn p articu lar, 
th is th esis  is  conCerhed with the problem s associated with the form ation 
and decay of shocks in a poly tropic gas and in w ater. The forw ard- 
facing ch a rac te ris tic s  from  the piston path diverge (converge) thus 
generating a simple rarefaction  (com pression) wave which, by the 
resu lts  of §3 C hapter I, w ill eventually overtake the shock causing
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it to be modified. As the strength of the shock is now non-constant 
and the region ahead is  uniform# the region in the (x# t)-plane bounded 
by the partic le  path through the in itial point of interaction and the shock 
locus is one of variable entropy* Consequently the full equations# (4. i .  8 )* 
m ust be used for a complete description of the motion. The flow-field is 
fu rther com plicated by the reflections at the piston path of the backward 
propagated p ressu re  waves from  the shock front which then give r ise  to 
a secondary interaction with the shock* It can be anticipated that a 
curved extension to the shock locus w ill develop, but neither its  shape 
no r the flow pattern  behind it  can be expressed in te rm s of known 
functions* In such eases one usually re so rts  to num erical methods of 
integration* based* for example# on the use of the ch a rac te ris tic s  and 
the shock conditions. Another approach, the one taken hero? is  to 
obtain a solution fo r the flow-field by analytical methods which involve 
certa in  approxim ations which will be carefully noted as they a rise .
As the p articu lar problem s with which we a re  concerned the 
form ation and decay of shock waves -* have many aspects in common, 
we give in the following a detailed account of the nature of the flow-field 
fo r the case of the decay of a shock and then quickly describe the 
corresponding situation fo r the form ation problem.
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5 l. DECAY OF A SHOOK
We Assume that the piston is  accelerated  testantaneously from  re s t 
to a constant velocity , thus producing a  shock of constant strength 
p^ which advances into the stagnation region with constant speed U, 
A fter a finite tim e the piston is  retarded  with its  path in the (x, t)-plane 
given by.
"p  ‘  % '  •
where X# a continuous and differéntiahle monotonie decreasing 
pkUBtykng the condltitotte
(i) XjMO) a Uj .
*r
which ensure that the transition  of the piston motion from  a uniform  state 
to a retarded  state is  continuous and that the piston is  decelerated.
The retardation  of the piston generates a sim ple forw ard-facing 
rarefaction  wave which eventually overtakes the constant strength shock 
and subsequently modifies it. The How-field in the physical plane is  a s  
illu stra ted  in F igure 7. We do not consider the secondary effects of the 
reflections of the backward propagated p ressu re  waves off the piston.
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in the regions ahead and behind the constant strength shock, 
paranxeters a re  specified by the suffices *0* and *1* respectively*
The flow-field consists in the early  stages of the interaction of 
five distinct regions.
(i) The regioxi bounded by the shook locus, SNA, and the line
t % t  » in which the fluid is  a t re s t, a
(ii) The triangula r  region bounded by the constant strength
shock locus, NA, the locus of the uniform  motion of the piston AO ,
i-and the final C ch a rac te ris tic , ON , which leaves the piston during 
its  uniform  motion. The flow is  one of constant p roperties: 
u a Uf , c « c^ , and S a , and is  obtained in te rm s of the constant 
velocity of the shock, U , and the local velocity of sound in the 
stagnation region ahead, c^ , by a simple application of the Rankine- 
Hugoniot shock relations*
(iii) The region bounded by the ch arac te ris tic , ON , on which 
Û? » , the C ch a rac te ris tic , NB , through the in itial point of
modification of the shock wave, and the portion of the piston path 
represented  by the curve, OB . This region is  adjacent to one of 
uniform  conditions and as the piston velocity is  decreasing, the flow
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in it is  a forw ard-facing sim ple rarefaction wave for which the Eiemaxm 
invariant, p , has a constant value, . The flow x^ariables may
then be obtained in te rm s of the piston velocity, X ’ (t ) and the* p
Riemann invariant p. , in a m anner s im ila r to that given in §2 
Chapter I.
Up to th is stage, the flow behind the shock has been exactly 
represented  e ith er by a uniform  region o r  by a simple wave. However, 
in the following regions the How is  now com plicated by the effects of 
the interaction of the sim ple wave and the shock wave.
(iv) The region bounded by the partic le  path HE , and the final 
backward-facing C ch arac te ris tic  of the simple wave, N B . As the 
partic le  paths from  the curved shock locus do not en ter th is region, 
the flow is  isen trep ic with entropy S s  However, th is  region is 
subject to the effects of the p re ssu re  waves reflected back from  the 
shock along the C ch a rac te ris tic s  and consequently both a and p 
a re  variab le . The motion is  thus governed by the isentropic form  of 
equations (4 .4 .8 ) and the boundary conditions a re  provided by the 
conditions f irs t, that the flow variab les on the bounding C" ch arac te ris tic , 
NB , a re  connected through the sim ple wave relations and second, that 
along the piston path the partic le  velocity u is  a  known function.
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(y) The regioii bounded by the curved extension of the shock locue, 
K6, end the particle- path, NE, through the Initial point of in teraction , 
N, V ariations in entropy a re  propagated into th is region along the 
partic le  paths from  # e  shock locus. The flow is  non-isentropic and 
the full system  of equations (1.4*8) m ust be employed* The boundary 
conditions a re  provided by the conditions on the p artic le  path HE and 
a t the back of the shock locus NS* Along NE, the entropy is  constant 
and is  of the same value a s  in the region of uniform flow, that is  S » s^* 
The shock locus# NS, constitutes a ’ floating’ boundary of the region 
and consequently its  representation in the physical plane, x = | ( t ) , 
is  obtained as p a r t of the solution fo r the flow in th is region*
Immediately behind it, the flow variab les can be expressed  as functions 
of the unknown shock velocity |( t )  and the constant value of the speed 
of sound in the stagnation region ahead, c^, from  the Bankine-Hugoniot 
relations*
An im portant special case of th is  problem  occurs when the piston 
a fte r creating the shock Of constant strength is  suddenly stopped* The
fam ily of G ch a rac te ris tic s  of the resulting simple wave form s a pencil 
of straight lines through the origin, taken fo r convenience a t the point 
w here the piston motion ceases. The flow-field is  a s  illu stra ted  in 
Figure^ 8 and is  s im ila r to that described above with the addition of a  
region, boUnded by the ta il of the simple wave and the ’ piston path’ ,
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which is  specified by the suffix * 2* • The flow in it  is  easily  obtained. 
The region is  c rossed  by the G ch a rac te ris tic s  of the simple wave 
for winch the Eiemami invariant P lias the constant value p . Along
the piston path as represented  by the t-axds, the partic le  velocity is
•¥zero. On using the com patability condition on the C ch arac te ris tic s  
of the region in conjunction with the above conditions, the fluid velocity 
Ug, is  found to be zero throughout the domain and the local speed of 
sound c to be constant and given by c^ » . The G*
characte ris tic  FB is  therefore straight.
4The simple wave region is  then bounded by the Ç ch a rac te ris tic s
ON and OF on which the Riemann invariant a  has the values a . andi
pj respectively.
it is  im portant to note that when the whole h istory  of the shock locus 
is  considered the effects of the successive reflections a t the piston path 
of the backward propagated p ressu re  waves from  the shock locus may 
lead to the form ation of secondary shocks in the flow-field which will 
affect the behaviour of the modified shock NS . Due to the effects of the 
variations in entropy it  cannot be shown conclusively that such shocks 
will form , if the constant strengtli shock is  of m oderate strength then 
we shall follow Lighthill [l950j and assum e that should a secondary 
shock be form ed it w ill only be a f te r  a very  long tim e. Consequently,
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In the foregoing work the discussion of the decay of shock waves is 
lim ited to two cases. Firstly* when the constant strength shock wave 
is  strong only tlie in itial Stages of the p rocess o f decay a re  examined 
and secondly» when the constant strength shock is  weak then any 
secondary effects which may be introduced will be neglected so that 
the complete h istory of the shock locus may be described*
§2, FORMAÎÎ0K OF A SHOCK
The piston is  now assum ed to be pushed into the fluid a t rest* 
with its  path in the physical plane given by the relation
V  '
where the function X sa tisfies the conditions of (i* 2,40).
A  forw ard-facing sim ple com pression wave is  generated, the
4C ch a rac te ris tic s  of which a re  straight and, a f te r  a finite tim e, form  
an envelope indicating that the hypothesis of inviscid flow breaks down. 
As described in §3 Chapter I, a  shock wave is  form ed a t the initial point 
of the envelope, beginning with zero strength*
F or the p resen t we assum e that the initial piston acceleration  is
4.non-zero so that the shock wave begins on the leading G cîiarac teristic
54 -
of the simple wave a t the point M (x. _t, ) whose co-ordinates a re  ■  ^ m m
given by (4.2, iB># tîiat is
M  ■ v if  M yi ' i  :
The flow-field is then as represen ted  in Figure 9 and consists of 
four distinct regions#
(i) The region of stagnation* SMOx, into which the shock wave 
advances#
(ii) The isentropic sim ple com pression wave region, bounded
4by the in itial C ch arac te ris tic  OM? the portion of the piston path 
represented  by OB and the C* ch arac te ris tic  MB# through the 
in itial point of form ation of the shock# As th is region is  separated
4-from  the stagnation region ahead by the in itial C characte ris tic  from  
the piston path* GM, the two regions have the same value of entropy,
S * S  #o
(iii) The region of non-uniform  isentropic flow, bounded by the 
partic le  path through the Initial point of the shock, ME* the C 
characte r is tic  MB, and the continuation of the piston path from  the 
point p , in which the entropy has the same value as in the simple 
wave and stagnation regions. The boundary conditions for the governing 
equations, (1* i .  8), with S % S^* a re  given as  before by the conditions
on the piston path and on the bounding C" ch a rac te ris tic  of the simple wave#
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(iv) The region of variab le  non-isentropic How# bounded by the 
partic le  path ME, and the curv ilinear chock locus MB, for which 
the full non-is entropie form  of equations ( i ,  1. 8) m ust now be solved*
A b in the previous problem  the check locus MS is  a  Hooting boundary 
of the region- The boundary conditions a re  provided by the conditions 
that along the p artic le  path HE, the entropy is  given by its  value in 
the stagnation region ahead of the shock and also that the flow variab les 
im m ediately behind the shock locus satisfy the Bankine-Hugoniot 
equations.
When the initial acceleration  of the piston le zero then, a a was shown 
in §B Chapter the envelope of the C* ch a rac te ris tic s  is  form ed in the 
simple wave domain and consequently the shock begins in th is region, 
a s  is  illu stra ted  in Figure 40, Since disturbances which originate at 
the shock cannot be propagated d irectly  into the region ahead, MGS, 
the sim ple wave solution may he extended a c ro ss  HG into th is region.
The point in the physical plane where the shock is  f irs t  form ed, 
represented  by M, is  foimd by solving equations (1. Z. 44) fo r the 
param ete r X > denoting the tim e when the C ‘ ch a rac te ris tic  through 
tî*e point (x, t) s tarted  from  the piston. This value of X is  then 
substituted in (4. 2, 43) to yield the required co-ordinates. A part from  
this additional region, the flow-field is  s im ila r to that described above 
and consequently the details a re  not repeated.
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The probable form ation of secondary shocks can be anticipated, 
but as  we a re  concerned in th is problem  only with the in itial stages of 
the interaction th e ir  effects a re  outside the p resen t investigation.
The general boundary value problem  for the flow in the îi zone of 
penetration*, BMS o r  BKS in F igures 9 and  ^ respectively fo r the 
form ation and decay of shocks may be form ulated in the following 
m anner.
A  solution to the general system  of equations (1.1.8} is  sought 
in the region BMS , BNS which sa tisfies the jum p conditions along 
the shock curve as  yet undeterm ined, and the p rescribed  boundary 
conditions on the piston path and the final C" ch a rac te ris tic  of the 
incident simple wave.
The problem  is  of the type where floating boundary conditions 
a re  specified along the unknown shock locus, defined in the physical 
plane by the relationship
dx
dt
and no d irec t theoretical trea tm en t seem s possible, although the solution
to each particu lar problem  could be determ ined by num erical step by
step methods a s  indicated previously. The m ost fruitful approach would
seem  to consist in constructing some approxim ate theory fo r the How- 
field and in th is way obtain a deeper insight into the respective ro les of
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thé dependent variab les. This is  the procedure adopted here .
The m ain purpose of the approxim ate methods which will be 
presented, is  to determ ine the path of the shock in the physical plane. 
F rom  physical considerations we would expect the shock curve to be 
determ ined uniquely by the above form ulation and indeed we assum e 
this although no proof of uniqueness is  given.
ÿ3. THE FORMATION AND DECAY OF BORES
The form ation and decay of bores may be described in a m anner 
s im ila r to that given above in §§i, Z fo r the corresponding problem s 
in com pressible flow with the sim plification that now there is  nothing 
to correspond with the role played by the variations in entropy. 
Consequently the diagram s of the flow -fields a re  sim ila r to F igures 
7 and 9 with the isentropic non-uniform  region BKE , BME extended 
to cover the whole domain to the curved bore locus.
However, fo r the decay of a bore it can now be shown that 
secondary bores will develop unless the vertica l p late, that is , the 
"piston" is  withdrawn from  the w ater with a speed sufficient to cause 
the incident sim ple wave to be completed by vacuum conditions. The 
flow behind the bore  is  then nowhere com pressive.
We assum e Hiat the piston a fte r  producing the bore of constant 
strength is stopped im pulsively a t the origin. The flow-field is  then 
as illu stra ted  in F igure 14 in which the ch arac te ris tic s  BB* , 
rep resen t respectively the reflections a t the piston of the C” ch a rac te r­
is tic s  NB , OH. The partic le  velocity on the piston is  zero and 
consequently on th is line r  = s. As before, the flow in the region
OFB is  one of uniform  conditions with u_ ^ 0 and c_ = s where2 2 n
a suffix *n* denotes that quantity is  taken a t the point * N*. In 
p articu lar, on the C ‘ ch arac te ris tic  OFF* (the ta il of the simple wave) 
we have r  & s^. Before proving that a secondary bore  will form , we 
require to show that the Riemann Invariant s is  such that
(I) @ < s < 4
where H is  a s  defined in §4 C hapter 1.
These relations a re  proved in #A Appendix I,
The proof that a secondary bore form s is  in two stages:
(a) it  is  shown that the flow in the region F* FBB* is  a backward- 
facing sim ple rarefaction  wave, and
(b) it  is  then shown that the reflection of this wave a t the piston 
path gives r ise  to a com pression wave.
(a) The region F* FBB* is  adjacent to one of constant p roperties , 
OFB* and is  therefore  a sim ple wave which is  backward-facing as the
Riemann invariant r  has the constant value s . The C ch a rac te ris tic sI n
a re  then straight and determ ined by the equation
With increasing tim e, the velocity of the bore |( t )  decreases and thus
from  (4.4. 45), H also  decreases. F rom  (ii) above, i t  then follows
dxthat s inc reases with increasing tim e and consequently (— ) then
^  c"
decreases v/ith increasing tim e. Oeom etrical considerations then show 
that the gradient of the C ch a rac te ris tic s  decrease with increasing  tim e
-I-and consequently they diverge from  the C charac te ris tic  FF* in the 
x <  o direction. The backward*facing simple wave is  then a rarefaction 
wave*
(b) Let H* , P  be two points taken in the domain of the reflection 
of the simple rarefaction  wave a t the piston path. It is  convenient to 
choose H* , J* such that they lie  on a G ch a rac te ris tic , on which 
s = s , say. The situation is  then as shown in F igure 44. To show that 
the wave reflected from  the piston path is  a com pression wave, it  is  
sufficient to prove that the €  ch a rac te ris tic s  HH* , Jj* converge.
On the C* ch a rac te ris tic s  j l  , HG le t s have the values , s
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respectively, then from  (a) it is  evident that . At the points
j  , H on the piston path the values of r  a re  s . » s^ respectively 
since r  s $ on the piston path. Now* on the O charac te ris tic  HH* , 
d3£ 3 i  3 1—  y ^  8 8 ^  8 and consoquently at H*,dt 2 2 2 2 2
.dx. 3 4 X
Sim ilarly, a t the point J* on the C ch arac te ris tic  Jj* *
,dx. 3 i  X
<dTU, " 2 ^ 1 ' i *  'd J*
Consequently the C ‘ ch a rac te ris tic s  HH* , JJ* will converge from  
the piston and afte r a finite tim e a secondary bore will form .
%Ve therefore res ta te  the problem  of the decay of a bore by a 
point-centred sim ple wave such that the piston is  now withdrawn from  
the w ater with a velocity u  « -2a^ or fa s te r  a fte r producing the constant 
strength bore. The C** ch a rac te ris tic s  reflected from  the bore front will 
now tend to piston path asym ptotically and no reflected wave will be 
formed.
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The path of the piston is  then given by
X ^ n . t  ; u . > 0 ; t  < 0p 4 p 1 p —
X -  -2s t  Î t  > 0 , p n p  p
and the flow-field is as  represen ted  in Figure 12.
The incident simple wave is  ju st completed by vacuum conditions 
and the ta il of the wave on which lie s  along the piston path OB.
As the bore decays a f te r  a  finite tim e to a * sound-wave* in a stagnation
•fregion fo r which r  » 4 s? s , only the pencil of C ch a rac te ris tic s  of 
the incident sim ple wave for which r  > 1 will contribute to the p rocess 
of decay*
In the problem  of the form ation of a bore, we a re  concerned, 
as before, only with the in itia l stages of the growth of the bore. 
Consequently, any secondary effects which occur may be neglected 
as being outwith the region of in te rest.
A detailed description of the flow*field for the problem s in the 
hydraulic analogue is  not given as  it  is  closely associated with that 
given for the polytropic gas. The problem s w ill be quickly described 
when an approxim ate solution to them  is  presented in Chapter Hi.
#4. FRIEDRICHS' APPROXIMATE THEORY
The sim plest approxim ate solution to the problem s form ulated 
in the preceding section is provided by Friedrichs* * simple wave* 
theory, [1948]. This theory is  based upon the following facts.
(i) The change In entropy ac ro ss  a shock is  of the o rd er of the 
cube of the shock strength.
(ii) The change in the Riemann invariant p a c ro ss  a forw ard- 
facing shock is  of o rd e r the cube of the shock strength. F o r a 
backward-facing shock, a  s im ila r property  holds fo r the Riemann 
invariant u .
We shall develop the theory on the assum ption tha t the shock 
is  forw ard-facing, that is , the shock velocity |( t )  is  positive as the 
corresponding derivation fo r a backward-facing shock is  sim ilar.
The fo rm er of the above statem ents has been proved in §3 
Chapter I, whilst the la tte r  follows by form ally expanding the s h o c k  
relations (1 .3 . 5) b and c, combined to give p as  a function of the 
shock strength F , a s  a power se rie s  in P. The in itia l te rm s  of 
the respective expansions can then be showm to be
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i  2"Y
f l _ l  „ W " L  + o(p^) .
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Thus if the strength of the shock is  such that te rm s of the th ird  o rder 
can be neglected, tïien the values of the Riemann invariant p and the 
entropy s ahead and behind the shock a re  the same* The shock wave 
is then by convention called • weak* * If the above statem ents a re  applied 
to the problem s of the decay of form ation of shocks by sim ple waves 
then as  the region behind the shock is  one of constant entropy and
Riemann invariant [3 , the flow k n it is  a forw ard-facing sim ple wave
4having straigh t G ch a rac te ris tic s  on which the value of the Riemann 
invariant tv is  constant* Consequently th is simple wave is  m erely  the 
continuation of the incident sim ple wave and thus no secondary shocks 
form* To th is o rd e r the shock wave does not a l te r  the charac te r of the 
sim ple wave. The value of the Riemann invariant & , found in te rm s 
of the shock speed §(t) and the quantities of the stagnation region ahead 
of the shock, a t the * back* of the shock locus is  therefore  equivalent to 
that of the simple wave taken a t the shock locus. If we denote by suffices 
* sw* and * rh* quantities of the sim ple wave and shock wave respectively, 
then Friedrichs* assum ptions fo r weak shocks imply the relation
(2.4* 2) u a ,sw rh
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taken along, the shock locus, defined by dx % |(t),d t *
As the solution fo r the flow behind the shock is  a sim ple wave, 
the above condition may be replaced by any other which identifies a 
flow quantity, o r combination of such quantities, from  the shock 
relations with a corresponding quantity of the simple wave, that is 
im m ediately behind the shock path we have
(2.4.3) " %h * ^
It is  im portant to note that on an exact theory fo r the interaction of 
a shock and simple wave, relations (B* 3. B) and {Z* 3. 3) a re  valid 
only a t the in itial point of interaction. Any of the above relations may 
be used to complete the solution for the flow-field by obtaining the 
equation of the shock path in the physical plane, To do th is we require  
the expansion of the Riemann invariant in te rm s of the shock 
strength P  to second o rd e r powers and a lso  the corresponding 
expansion for the shock speed |( t)  . F rom  the shock relations 
(1. 3. S) a, b, c, the requisite expansions a re  seen to  be
(a) 'I i  P} 4 o (P  ) ■.
o
(Z, 4. 4)
(b> — P { 1 -  P} 4 O(P^)
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As the adiabatic index of the fluid, v# is  g rea te r than unity, the 
power se rie s  expansions ( 2. 4* 1) and (Z* 4.4), a re  valid fo r P  < 1.
%n the simple wave, the value of the Riemann invariant Is given a s  
a function of the space variab les (x, t) by (1.2. 7), that is
{ * - "aw  - t  - .
where the functions X , T denote the param etric  representation  of the
piston path and the suffix • i* denotes that the quantity is  m easured  a t
the point l(x*, t^) which for the decay and form ation problem s is
represen ted  by the points N(x , t  ) and M(x , t  ) in F igures 7 and 9n n m m
respectively. Thus fo r the decay of the shock wave p, a p. w hilst for 
the form ation of a shock wave p. -  Pq •
On using (2 .4 .2 ), the above relation when coneidered along the 
shock path, may be w ritten  in te rm s  of , that is
(2 .4 . S) { X - sr - { t  • •
It is  convenient to re fe r  the motion to a system  of axes (x, t) through 
the point Ï , that x -  x  - , t  = t  - t . . The path of the shock wave
is  then obtained by differentiating (2 .4 . 5) with respect to t  and using 
the condition dx « g ( t)d t. A fter some manipulation, the follow^ing 
ordinary differential equation is  obtained for t  a s  a function of .
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(a) .j?h rh
(2 .4 . 6)
(b) vW M  ^ "'rh - t  ' 9 1  •
This equation has to ho solved subject to the in itial condition.
where is  the value of a t the in itial point of modification
of the shock.
To solve (3 .4 .6 ) we m ay e ith er obtain the shock velocity |( t )  a s
a function of o? , from  (1 .3 .5 ) o r  instead substitute lo r  # . and rn  rn
|( t)  in te rm s of the shock strength F  from  (3*4.4). We choose the 
la tte r  method and a f te r  some algebra# obtain the following equation for 
t  a s  a  function of F.
( 2 .4 .7 )  H  t  ^  { i  4 f  0 (p ^ )} t  .  .   ^ 0 ( P ^ } g  ,
with the in itial condition t  « 0 , P  s
F or the decay problem , F. is  non^sseroi as  the shock in the form ation 
problem  begins with %ero strength, F, is  then %ero.
Equation (2* 4 .7) is  easily  integrated and on fitting in the in itial 
condition, the solution is
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(2 . 4 . 8 )
2 ^£ 1 4. o(p )} r  , . ,  ,  „ j„
0 (t-t.) S---------- â.ï_--------------  / p {i 4  >.p 4 o(P )} ~~ . dPo i Yl i —3 J  dPp 1
The solution corresponding to (E. 4 .8 ) fo r x  is  then obtained by 
substituting for t  from  (3-4.8) into (3.4# 5) and the two expressions 
then provide the param etric  representation  of the shock path in te rm s of 
the shock strength P.
In derivhig the solution fo r the shock locus, F ried richs solves the 
differential equation corresponding to (2.4. 7) exactly, that is  the equation
(2 .4 ,9 ) tF(i - YM(c^P) 1^ 1
dF
dP
3As te rm s of the o rd e r P  a re  neglected by the hypotheses of the 
theory, this im plies that in computing the difference
^  in (2 .4 .6 ), te rm s of o rd er m ust be2 rh  2 0
neglected when F  is  removed as a factor. Equation (2 .4 .9 ) ought 
then to be expanded to the significant te rm s in P  which would then yield 
(3.4. 7). The consequence of retaining the additional te rm s leads F rie d ric h s  
to give a resu lt fo r the shock path which is  different from  that derived 
above. F o r the decay problem , F ried richs then deduces an 'asym ptotic*
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form  for the shock locus by eaqïanding the solution fo r sm all values 
of F. This 'asym ptotic* form  is  identical to the resu lt derived from  
(2.4. B) and indeed it  would seem  to foe valid  for all tim e and to be the 
significant solution for the shock path.
When the * sim ple wave* theory is  applied to the problem  of the
form ation of a shock# then the solution a s  given by {Z. 4 .8 ) is
Zsignificant to te rm s of o rd er F  . This is  easily  proved. At the in itia l 
point of the envelope of the C ch a rac te ris tic s , where the shock begins, 
we have and both # r o ,  which im plies that F*(cfj is  also %ero* 
If is  expanded as a  Taylor se rie s  around this point, then
F(«) e P"(K ) + CKœ“a.)^ ,
since F(o.) & 0 .
Thus on substituting for in te rm s of P  it follows tîiat F* (F)
is  of o rd er P  and therefo re in (3. 4* 8), the solution fo r t  is  significant
Zto te rm s of o rd er F * However, fo r the decay problem , F* (ft.) is  
non**zero and consequently F*(F) is  of o rd er unity and the shock path is 
then significant only to te rm s  of o rd er F  *
Eighthill î|950] has examined the simple wave theory on the basis 
of an accuracy hypothesis and found that it predicts the co rrec t behaviour 
of the flow*field to within the lim its stated above. The approxim ate
methods developed in the sab sequent chapters neglect te rm s of a higher 
o rd e r in the shook strength than those neglected by F ried rich s, and will 
indicate a range of values of shock strength for which the * simple wave* 
approximation is  no longer applicable.
The application of the Friedrichs* approximation to the form ation 
and decay of b o res follows along lines sim ila r to those given above 
although the algebraic details w ill differ. The solutions corresponding 
to p articu la r piston motions will be evaluated in Chapter HI.
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C H A PT3ER  l ï l
§1. DERIVATION OF EOWATIONS AND BOUNDARY CONDITIONS 
IN THE CHARACTERISTIC Pt-ANE
As there  is nothing in shallow w ater theory which corresponds to 
the entropy in gas dynam ics, the équations of the flow*field when w ritten 
in characte ris tic  form  (1.4* 11) yield a second o rd e r non*linear pa rtia l 
differential on elim ination of e ith e r of the ch arac te ris tic  variab les r  , s . 
in the ch arac te ris tic  plane however, the system  is  descrihed by a 
second o rd er linear p a rtia l differential equation in e ith e r of the 
dependent physical variab les x , t . In the variable t  th is  equation 
is  of the Buie r* Fois son* Barboux type and has to be solved here  in a 
finite domain of the f r , s)*plane which is  bordered by the image of the 
back of the bore locus and by an a*characteristic . Consequently we 
expect the problem s associated  with the form ation a n d  decay of bores 
to be m ore trac tab le  than the corresponding ones of gas dynamics.
The equations governing the system  in the (r, s)*plane a re  
obtained from  the characte ristio  form  of the equations in the physical 
plane (1 .4 .11) by interchanging the ro les of the dependent and 
independent variables* A fter some algebra, the required equations 
a re  seen to be
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By elim inating eitîiér ol the dépendent variab les x  , t  from  (3 .1 .1 ), 
a second o rd er lin ear p a rtia l differential equation is  obtained. We 
elim inate the variable x  and the re suiting equation is
t  % (t  t t  ) % 0 . rs 2 r s
Equation (3. i .  2) is  of the Euler* Fois son ^  Da rboux type and every 
solution leads to a solution of (1*4. l i )  if  the ^acobian of the tra n s ­
form ation from  the ch a rac te ris tic  plane to the physical plane, ,
is  non*aero* By substituting fo r in te rm s of from
(3 .1 .1 ) in the expression fo r the Jacobian it  is  seen that the correspondence 
of solutions b reaks down whenever , t^ is  zero. We now develop the 
boundary conditions fo r the uniqtte solution of (3. i .  2) when applied to 
the problem s of the form ation and decay of bores.
The Jump conditions ac ro ss  a hydraulic discontinuity may be w ritten , 
from  15) with U^ « 1 and c^ # 1 , in the form s
s .
(3 .1 .3 ) b. r  e y n  -I- , /  *±g2 V 2H
V H - -  ^ / W -
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Smce H ^  i  by définition, the above relations imply that r  ^  1 whilst 
$ m ay be negative if H is  large.
In a  la te r  p a rt of th is chapter we require the se rie s  expansions ox
(3 .1 .3 ) in te rm s of a p aram ete r, which for convenience is  chosen as «r , 
defined by
(3.1*4) CF * ‘|-(u + c-l)  « t  * 1) .
Witii the above définition» the param eter could be used fo r the quantity 
2 3 '4*T (g r~  %-6* i )  a t any point of the flow*field* However# we shall re s tr ic t 
its  use to those points which constitute the locus of the bore* At such 
points the variab les r  , s a re  re la ted  by (3* l* 3) so that it  is  possible 
to derive se rie s  expansions for r  and a (and also g) in te rm s of the 
param ete r v .
ÀB the necessary  derivation of these expansions is  given in
2Appendix I, we m erely  quote here  the requisite form s. F o r <r < ,
the following se rie s  a re  convergent:
1 3 , 1  4 11 5 , ^ 6 .,  ..—  T ^ 0 ( W )  .
3 9  3 4 14 5 6(11.5)b. 6 = l - - g j o r  I 'JJg- 0- “ ÂErtrO  ^ '1- 0(0- ) .
c. ê » H - f e ” + ^  o-  ^’i - m  *  ^ 1 0(<r^) .
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The path Of the im age of the bore# F (r, s) ^ 0, is  determ ined by 
élim inatihg the param ete r H from  relations (b) and (c) of (3. .1*3). 
A fter some manipulation# we obtain
(3 .1 .6 ) F (r# s)«  é ^ \f^  (r^*s^) * 4} ^ ( r t s j ^ i  4 « 0 .
On th is curve# we have
<3.1.7) a t  y  (we)^-l-4 -  (w s )  f  3 ( f fe )^ t4 l
d r  8-’/ ^  a ,^J^r?spT 4  i* ( r f  #) { 3(rf a )^ t 4}
which on substituting fo r r ,  s in te rm s of H from  (3 .1 .3 ) may be 
w ritten in the form
ds
d r
t i - 4 ^  
- n / ¥
On the image of the bore locus# is  then always negative except when 
H has the value unity corresponding to the lim iting case of continuous 
flow* F o r th is value of H we see from  (3* l .  3) that r  = 1 at s and from  
(3.1. 6) It is  evident ttiat the pOint having these co-ordinates lies on the 
curve P (r, s) = 0. This point in #%e charac te ris tic  plane corresponds to 
the lim iting form  of the bore a s  the strength of the bore tends to zero# 
that is  an * acoustic w av e '. In the decay problem  the point (1.1) is  then 
the ' point a t infinity* w hilst fo r the form ation problem  i t  rep resen ts  the 
' in itia l p o in t '. At th is point# we may also  deduce from  the above relation
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that the curve F(y# a) %0 is  tangential to the line s t& i
On the bore locus we have the condition
which supplieB the boundary condition on P(r# s) A 0 fo r the 
Poisson*'Barboux equation, (3* i .  Z).
Using relations (3$ 1 1 ) ,  the above condition may be rew ritten  in 
the ch arac te ris tic  plane a s
(3 .1 .7 ) b d rds
3 i  *^ r  - —s * # ( r , s)
| ( r ,  s)
The velocity of the bore |  a s  a function of r ,  s is  determ ined from  
(3* If 3) and is  given by
(3f 1.8) ê ( r .  s> #
d r
(y is) ,2 .*s) 4 4
By substituting fo r 'g r  and | ( r ,  s) from  (3 .1 .7 ) and (3 .1 .8 ) respectively, 
the above boundary condition for (3* i .  2) on F (r, s) # 0, is  seen to be
(3.1.9)
where
^  = G(r, e) ,
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0)
8)^4-4
(r+sj 4 4
(rr0 )‘C 3(i4*s) 4 4J 4 8 Z (t4 s) 4 4
(rhs){ 3(r40>^4 4} *» 8 Z (r4 s)^4 4
The rem aining boundary condition for (3.1. E) is  provided by the condition 
that along the bounding O’* ch a rac te ris tic  of the incident sim ple wave, 
the tim e t  is  a known function of the ïUemann invariant r . We now 
this condition fo r the two types of flow, the form ation of a bore
and the decay of a bore*
We shall assum e that in the fo rm er flow* the piston is  pushed into 
the still w ater with a constant non* zero acceleration a > 0 and that the 
piston s ta r ts  from  re s t. After a tim e t - 1^, the piston continues with 
uniform  velocity u^ & a t^  * t^  being chosen such that only one envelope 
of the C ch a rac te ris tic s  is  form ed by the motion of the piston. The 
flow-field is  then as illu stra ted  in F igure 13. Since the acceleration  of
Xthe piston in the in terval o < t  < t  is  constant, the bore  is  form ed on
4the leading G characte ristio  of the sim ple com pression wave, x  % t , 
beginning a t the point M with co**ordinates, determ ined from  (I.E . 16),
(3 .1 .11) a
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The path of # e  piston is  given by
X » X 4 a t ft - t  j , t  > t  , p p P *-p p  ^ P p
and the Eiemann invariant a of the sim ple wave has the constant value
unity. X and t  when regarded a s  functions of r  a re  given by P P
From  (1*2.8)b with y « 2 , we then obtain the differential equation for 
the C ch a rac te ris tic s  of the simple wave which fo r the particu lar 
C ch arac te ris tic  through M is  solved with the in itial condition
r  % 1 when t » t  m
On perform ing th is integration, the required solution for tim e on the 
bounding ch a rac te ris tic  MB as a function of r  , is
t. _ -4(3 . 1 . 1 2 ) [1 6 V 2  (1+r) + 3 (2 r - 3 )] .
F o r the decay problem , the piston motion is  discontinuous a t the origin, 
in the case considered here , and is  given by
* p  *  V p  : “ 1 =^® '
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so that the resulting flow due to the simple rarefaction  wave is  non­
com pressive. The statem ent of the decay problem  is  as  given in 
Chapter II and the condition on the bounding C characte ris tic  of 
the incident sim ple wave domain, corresponding to (3 .1 ,12), is  easily  
found to be
' r  4 8
(3 .1 .13) t * t
3
n
n I r  4 s n n
Figures 14, 15 illu s tra te  respectively the im ages of the How-fields in 
the ch arac te ris tic  plane fo r the form ation and decay of a bore. The 
boundary-value problem  fo r the decay of a bore is  then as  follows.
The tim e t( r , s) is  governed by (3.1. E) and a solution is  sought 
in the finite region of the ch a rac te ris tic  plane bordered by the im ages
of the bore locus P (r, s) =? 0, the sim ple rarefaction  wave s s= and
4the final C ch arac te ris tic  which contributes to  the p ro cess of decay of 
the bore r  = 1. The boundary conditions a re  provided by the condition 
(3 .1 .9 ) on the curve P (r, s) = 0 and by (3 .1 .13) on the line s % s^.
The domain in the physical plane corresponding to the above region is 
illu stra ted  in F igure 12 and is  represen ted  by MY , KM . The motion 
of the piston has been so arranged  that no secondary bores will form , 
the proof .being given in Chapter II. Consequently the region of validity 
of the solution w ill be a s  described above, that is  the solution is valid 
fo r a ll t  in the domain KY^. M .
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The corresponding botindary-value problem  for the form ation of 
a bore may be form ulated in a m anner sim ilar to that given above with 
the m odification that now the image qf the incident simple wave is  given 
by the line s = 1 and the corresponding boundary condition is  given by
(3 .1 .12). In solving the two boundary value problem s the se rie s
expansions of the bore relations w ill be used and consequently the
2maximum value of <r on the bore locus m ust be such that (r < % .3
F or the decay problem , th is restric tio n  has the effect of lim iting the 
solution to bores which satisfy this condition* F o r the form ation
problem , the solution fo r tim e on the bore locus will be valid only to
2that portion of the bore locus for which e  and consequently the 
general solution fo r t( r , s) m ust be lim ited to the region bounded by
the in itia l C ch a rac te ris tic  of the sim ple wave, the portion of the bore
2 ^locus fo r which cr and the C charac te ris tic  which in te rsec ts  the 
bore locus a t the point where the maximum value of a* occurs.
The general boundary value problem  is  not a c lassica l one in 
which two data a re  given on a  non -charac teristic  curve, but a variation 
with One datum, (3. i .  9), given on th is curve, and one on a characte ris tic  
bounding the region in which the solution is  sought* that is  e ither 
(3* 1* 12) o r (3 .1 .13) according to the p articu lar problem*
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§2. FRIEDRICHS' SOLUTION
We now apply F rie d rich s ' ’ sim ple wave* theory to the problem s 
form icated above* In e ith er problem# the flow behind the bore locus is  
the continuation of the incident sim ple wave and consequently no secondary 
bores w ill develop* The regions of validity of the respective solutions a re  
as described above. F o r the form ation and decay of bores we can derive# 
in a m anner sim ilar to that given fo r the corresponding problem s 
associated  with shocks in ôhap ter ÏÏ# the differential equation which holds 
on the bore path# corresponding to (3.4* 6 )# fo r (t-t^) as  a function of the 
Hiemann invariant r . The in terp retation  for t* is  a s  given in Chapter 11. 
F rom  equation (2 .4 .6}# with 2 and s^ & i ,  we may w rite the 
following equation which is  tru e  on the bore locus.
(3 .2 .1 ) where F (r) ® (X(r) - x, - ( $ r  # &  {T (r) - t,} ] .1 A & 1
It is  convenient to rew rite  th is equation in te rm s of the p aram ete r <r , 
defined by (3 .1 .4 ). On using the requisite  expansions of (3 .1 . 5)# we 
then obtain
,3 .a .a ,  - I  f
80
F or the decay of a bore and also as the incident simple wave
is  point'"centred a t the origin, the functions X  and T a re  both zero. 
Consequently* we have
(3. 2. 3) a. ,  &do- 2 n
The initial condition for tim e t on the bore locus in th is problem  for 
{3.2* 2) is
b, O' % <r a t 1 4 1n n
2However, fo r the form ation of a bore, t. a t  « —  on using {3* 1, l l ) a ,i  m  ja
The functions X and T in th is case a re  given by (3,1. ll)fo. A fter some 
algebra, it is  found that
(3. 2.4) a. ^  ^  t  0(0- .d r a
The in itial condition for {3.2. 2) is  now o* « 0 a t t  = tm
On integrating equation (3* 2* 2 ) fo r each type of flow and applying 
the relevant in itial conditions, the required solutions, a fte r  some 
manipulation, can be w ritten  in the form sî
t{3* 2 . 5) a. Decay of a bore. “
n
b. Form ation of a bore, 4 ^ 0*^  f  0(v^)]V O ( Mm
- e i  -
The corresponding solutions fo r x as  a function of «r m ay now be 
obtained by substituting fo r t  from  the above expressions in te rm s 
of r  in the relevant form s of (E* 4, S)*
§3. GENERAI. SUMMARY OF PROCEDURE
Th« boundary valu# problem s form ulated in §4 of th is chapter 
a re  solved and se rie s  representations fo r x  and t  a re  obtained in 
te rm s of the param eter o*. The method of solution consists essentially  
of two stages**
(a) The reduction of the E u ler- Polsson-D arboux with the appropriate
boundary conditions to an in teg ra l equation for tim e t( r , s) on the bore
path. On this curve r  and s a re  rela ted  by m eans of the equation
P(r# s) « 0 * The in tegral equation is  of the second o rd er, non-
homogeneous V olterra type (T ricom i 1957). To accom plish th is , the
reduction may be effected e ith er by Riemann* s method o r  by a variation
of that method due to M artin (1943). The fo rm er method is  chosen for
two reasons, Firstly# Martin* s variation  introduces a function# the
resolvent, corresponding to the Eiemann function. The resolvent
involves Appell* s hypergeom etric function of two variab les and is  m ore
cum bersom e in th is instance than the norm al hypergeom etric function of
Eiemann* s procedure* Secondly, Martin* s method leads to an in tegral
equation fo r e ith er of the p a rtia l derivatives t o r  t  on the bore locus.■ @ r
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Although knowledge ol these quantities w ill he suffioient to determ ine t 
on the bore locus# Eiemann* s procedure is  p referab le as we may derive 
im m ediately an in tegral equation fo r t(r , s) on the bore locus with no 
interm ediate stage,
(b) Owing to the com plicated nature of the k em als of the in tegral
equations for the form ation and decay problems# an exact solution is
unobtainable and recourse  is made to an approxim ate method to determ ine
a suitable se rie s  representation  fo r t  on the bore locus as  a function
of <jr * We could# of course, determ ine num erical solutions of the
in tegral equations by well-known m ethods (Kunz 1957) but a s  we are
p rim arily  in te rested  in deriving an analytic solution fo r the respective
flow»"fields th is approach is  not developed. In the form ation problem ,
the procedure adopted is  to assum e a se rie s  expansion for t  on the bore
locus in te rm s of cr and the unknown coefficients of cr a re  then
determ ined by equating s im ila r powers of e* in the in tegral equation.
By th is  method t(<r ) has been found to te rm s of o rd e r 4 in ^ . in
princip le, higher o rd e r te rm s in th is expansion could be determ ined but
with a corresponding inc rease  in the amount of algebraic detail. As
noted before# the use of the se rie s  expansions in o* of the bore relations
is  perm issable only to the portion of the bore where the maximum value 
2of «r< "T » and it is  reasonable to expect the se rie s  expansion fo r t(<r ) 
to be convergent fo r such values of cr * F o r the decay problem  two 
methods of solution a re  given. The f ir s t  is  obtained by deriving an
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m tegm l equation in a m anner sim ila r to that employed in the form ation
problem . The m ain difference In the in tegral equations for the two
How-fields is that the la tte r  is  singular when r  = 1 . This beîmviour
is to be expected a s  we d es ire  to determ ine the complete h istory of
the bore path in the physical plane. As before# the kernel of the in tegral
equation is com plicated and recourse  is  made to an approxim ate
procedure which consists of substituting for the dependent variab les
.:ln te rm s of or and neglecting te rm s  of o rd er 4. The reason for th is
is  to m inim ise the amount of algebraic detail w hilst still illustrating
the general principle of the method* Xn this m anner the in tegral equation
can be transform ed to an equivalent ordinary differential equation which
is easily  solved to yield the required  solution fo r t  on the bore path
a s  a function of cr and v the value of cr a t the in itial point of
4modification of the bore. As te rm s of o rd er a re  neglected, 
the solution is valid only fo r bores which a re  not too strong. N um erical 
resu lts  a re  then given for the form ation and decay problem s em phasize 
the fact that the * simple wave* theory of F ried richs overestim ates Hie 
rate a t which the intensity of the bore increases in the form ation problem  
and decreases in the decay problem . By com parison with the higher 
o rd e r approximation it  is  then possible to give an indication of the 
range of application of the * sim ple wave* theory. Finally# a method 
based on the focussing equations of M eyer (1956) is  used to determ ine 
the in itia l stages of decay of a bore of any strength. This method has
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the double advantage over that of the in tégral equation a s  the solution 
for any * fixed* segment of the bore locus can be determ ined to any 
required degree of accuracy with very  little  difficulty and also that 
the solution fo r the flow in  the region behind the bore locus is given 
in a m ore tractab le  form  than the corresponding solution from  the 
in tegral equation*
$4. COMPLETE 4TH ORDER. SOLUTION FOR THE FORMATION
OF A BORE
We a re  to solve the equation
(3 .4 .1 ) V  ® '
with the boundary conditions:
(3.4*2) (i) On s o l ,  (14 r)  ^ 4 3(2r - 3)] ,
ii) On P (r , s) =» 0 , t  « O ir, s) t  ,s r
in the domain of the (r# s)-plane representing the image of the flow-field 
and shown in Figure 14.
Throughout th is chapter, the following convention is  observed.
A Eiemann function is a function of four variab les, the * current*
co-ordinates r  , s and the * field* co-ordinates r  , s . Xn the0 o
presen t application, the field point Y in Figure 14 will always lie  on
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the line s » 1 and wo take its  co-ordinates to be (r^ • i \  . Thus r .  is9 0
the r*co-ordinate of the point X on the path of the bore and we nee 
to denote the corresponding a-co-ordinate ao that ) s  0 .
Equation (3- 4* 1) is  a m em ber of a claea of equations which have 
been studied in detail by Darboms (1888) and fo r which the Riemann 
functions a re  known. In p a rticu la r fo r ( 3 ,4 .1) the Eiemann furxction is
2
(3 .4 .3 ) W|j?. s . jfg , 1) = = - i£ tn _  F ( - | , | ,  1. z) ,
(1 + « g F
(r*  i?g)i.(s- i)
where z = - ( r  l s ) .( i  4 r^ ) *
and the standard notation fo r the hype rgeom etric function is  used. By a 
sim ple application of Eiemann* s method we can now w rite down
(3 .4 .4 )
t(Y) *= ~ l i  Wt} (M) - { Wt} (X)]
X
M
where the curv ilinear in tegral is  taken along the image of the bore locus,
P (* g .6 g )= 0 .
în (3. 4x 4) none of the quantities t» o r is known on P{r# s) = 0. 
We have moreXy relation (3* 4* 2) Gorméoting and t^* However, from  
(3l4. 2) t(Y) la  known and consequently (3.4*4) can be regarded as an 
in tegral equation fo r tim e t  at the point % on the im age of the bore 
locus. Before deriving th is in tegral equation, it is  found convenient to 
employ instead of W a function w which is  ( n s )  " tim es the c lassica l 
Eiemann function W, and which can be w ritten as
(r+1)  ^ (Ï .  4-s)  ^ P) .
T î T i n r -
( » - Ï 0 )•{»*!)
^ h e ,e  p = ( i T i H T T i )
That w may be w ritten  in the above form  is  shown in Appendix I. 
This change of function is  not absolutely necessary  fo r the fu rther 
development of the solution. However, if  the function w as  defined 
above is  used then the following analysis is  closely allied  to the work of 
Pillow (1949) who w hilst developing an approxim ate theory fo r the 
form ation of shocks used a Eiemann function of which the function w is  
a special case. This theory w ill be discussed in Chapter V.
In te rm s of w , (3.4* 4) a f te r  some rearrangem ent of te rm s,
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(3 .4 .6 )
t(Y) 5^ i j i  ( r t  s) wt} (M) 4 { ( r f  a) wt} (X)]
X
M
On the curve P (r, s) « Ô # t  and t  a re  related by (3 ,4 . 2) andr  a
consequently the final te rm  in the curv ilinear in tegra l can he replaced 
by a form  in which the only derivative to appear is  the to tal derivative 
^  on the curve P (r, s) * 0 , that is , a fte r some algebra, we may w rite
By substituting the above expression into (3* 4 .6) and then integrating by
dtp a rts  to elim inate , we obtain
(3.4. ?)
t(Y) s t - l r - j s -  |)w t) (X) * £ ( i r - | s -  i)wt} (M)
i
In the above equation, t(Y) is  known from  (3 .4 . E) and w is  completely 
determ ined from  (3 .4 .5 ). In fact, the eaplicit representation  of the
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various quantities of (3# 4* 7), with the exception of the in tegral, a re : 
(3.4* 8)
* ;v 'z
3#*{?.
[(^r-^e* |)w t|(M ) ^ J2 ; Z ( i 4 r ^  )^] .
Whën the suhstitutions from  (3.4# 8 ) a re  made in (3 .4 .7 )  and the te rm s 
rearranged , the following in tegral equation fo r tim e t(r^  , s^ ) on the bore 
locus is  obtained.
(3 .4 .9 )
|% 4 ® 0  "^<*0 ' " e *( ' 8 ' %)
* " ^ £ 2  (Er^-3)J
-  j  t ( r ,s )  - { (■ |r -A s - i)w ^  i* 4 *‘" f  f f   ^^
i
The above equation is  a non-homogeneous V olterra in tegral equation of the 
second tyjie (Tricom i 1957). Inspection of the kernel shows that it  is  a 
bounded function in the range i  v < r^ . Everything (except t  ) outside
the in tégra l is known as a fonction of while the square bracket inside 
the in teg ra l is  a knowia function of r  through the relation F{r, s) * 0 .
It should he noted that <3* 4*9) provides an exact relation fo r t(r^  , s^ ) 
as no approxim ations have been m ade thus far. Consequently, the general 
solution if determ inate w ill be valid fo r any stage in the p rocess of 
form ation of the bore. Unfortunately, it  doëa not seém possible to 
obtain such a solution owing to the complicated nature of the integrand. 
However, as r^ and a re  known in te rm s of the param eter cr to 
any required degree of accuracy from  (3 .1 .5 ), an approxim ate solution 
may be obtained by assum ing a power se rie s  eaq>ansion fo r t  in th is 
variable and then equating s im ila r powers of s* in (3 .4 .9 ) a fte r the 
integrand has been esqmnded. We have, in fact, found t  to the fourth 
power in c by th is m eans.
The se rie s  solution for (3,4*9) is  now developed. It is  convenient 
to use the symbol « to signify the value of <r a t the point X on 
P (r, s) e 0 . Relation (3 ,4 .9 ) then becom es
U 4.10)
3 3
* £2 V z "  ( l + ï g ) ^  + (Z lT Z  {.Hr Jfg t  ( a # g - 3 H
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As there  is a considerable amount of algebraic detail involved in 
obtaining the necessary  expansions of the various te rm s of (3 ,4 .10), 
only the final resu lt fo r each te rm  as a function of r  and « is  quoted. 
The derivations of the respective expansions a re , however, given in 
§C Appendix Î*
The tim e t(r# s> on the image of the bore locus is  assum ed to be 
of the form
(3,4* 11) t(r# s)  ^ £l + a^ o* t  a t^r  ^ t  a^ <r^  4 4 0(r^)] ,
in which the coefficients a^, i « 1, 2, 3» 4 , a re  to be determ ined. When
the strength  of the bore tends to zero, <r also  tende to zero  and from  the
2 .above expansion it is  seen that t( r , a) tends to the in itial point of
4the envelope form ed by the C ch a rac te ris tic s  of the incident simple wave 
a t which we assum e the bore to begin.
On substituting fo r r , s and |( r # s )  in te rm s of <r from  the 
relations (3 ,1 ,5 ), we Obtain a f te r  some manipulation the following 
expansions.
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(3 .4 .12)
ds 9 2 2 49 2, , S,
a. d :  = " 6T  f i - T  + i i r  ) '
dê(r, 8) 3_, 5 7 2 1 3 67 4L 5.
c. ^ - I  f   ^ - i  ]
3 r. f  , 19e^ iScrea “^ WCT ^ L16"" t" 3 '  64
^ " 234«r^€ - 2163 c^r .~ — — 1' 0 («r )] »
, de ^  3 2 1 3 55 4. 5,
4' d ; = 64* + 32* " luxlw a* 1+ 0 ( f  ) .
i N 1 r. . <e "3# 153  ^*. 6«p  ^ 6?« ^  - 30e o^* - 63cr^I-2r^e. v4r,s,rg;,4)= : ; [ i+ - -^ - ~ ----------------------------------------------- âsS-------------
. 546e^ *- 286eV  63e^cr^l- 60ecr‘^  - 5r* , . 6*+    ] + (% f ) .
it then followB from  relations (b), (c) and (d) above that 
 ^ r d |( r ,  s) f ,3 1 1 , . 4  3 l i  ds  ^ 1 d rf. -UWg
3 r,  . Scr-9« 15*^^10«(t » 2tr^  30*(t^  + 5 0 * -  E2(r^  -  67**I  ^ ,L ,.,  ........  ,L ...-. .. ............................. . 7»„..-. I,.I-,,,.,I.8 I- 12 32 256
. 1638*^- 690* <^r - 6 7 5 * -  438«<r^  + 787o-^  , S.,.--------- - ----------------------------- j , .  o(^ ) .
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We also  have from  the expansions given by (3* 4. 5), the representations 
(3 .4 .13)
i  3
a. <rg + S g )^ ( i + *Q)^3 t{e)
b. -^ {2  y  2 (1 + + (2?g-3)l Cl+f ‘ -H *  + C)(*4) .
On multiplying relation (f) of (3,4* 12) by t((r ) as  given by (3 .4 . 44) and 
perform ing the integration with respect to cr in the in terval 0 < cr < « , 
we obtain»
c. j  t ( o i  i g .  dr 
0
L,*3 7 ,1 1  75 , 9
+ (— " 4 8 ^ 2 - ' 9 6 ^ * " ^ ) '
Therefore on equating the sum of (a) and (b) to (c) above and then equating 
corresponding powers of « » the following four relationships for the 
unknown coefficients a^ , , a^ and a^ em erge
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(3 .4 .14)
3 5 3a .
. *2 17 , 7 . ,  . 17 . 1 3 .  IS
b. ( -y  -  7 2 ^  24> + <‘‘2 *,24^1 = " 3 2  '
,*3 7 , 11  75.  , , 17 , 13  107, 6l
 ^ 4 " 48*2 96*1 " 512)  ^ (*3 ’ 24*2 32*1 " 512* " 256 '
. *4 5 _ , 21 _ 103 . 11159. . . 17_ , 1 3 .  107 . 145 .
 ^ 5 "48 3 320*2 " 1920*1 30790 *^4 " 24*3 32 2* 512*1 3072*
473
5120
From  the above relations (a)# (b). (c) and (d) we obtain respectively
4 B 89 264449
* 1 ^ 3 '  *2 " 72 * *3 * OO ' *4 4 4 2 #  '
The dependence of tim e on the bore  locus on the param ete r r  is  then 
given by
(3 .4 .15) t«r ) = ^ [ 1 4 r  + 0 ( / ) ]  .
The solution is  completed by obtaining x as a function of «r. This is 
easily  accom plished by using the relation dx » |  dt on the bore locus. 
A fter some algebra» th is procedure then yields the resu lt
(3 .4 .16) = ^ [ 1 4 .  4. 1 m u . "  f  0 ( / ) ]  .
The expansions (3.4. 45) and (3 .4 . 46) provide a param etric  representation 
fo r the path of the bore  in the physical plane. The solution shows that the
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2 2bore front s ta rts  a t the point in the (x*t>*plane with an in itial
» 243velocity g & 4 and an in itia l acceleration  |  As the bore gains in
strength both its  velocity and acceleration  increase . Gn the basis of the 
* sim ple wave* approxim ation of F ried rich s the acceleration  of the bore 
is constant fo r all tim es t  tvith a value a s  given above* By comparing 
(3.4* 15) with (3* 2* $)b, it is  seen that the simple wave theory gives the 
f ir s t  th ree  te rm s of the expansion fo r t  by the p resen t method, that is 
up to the te rm  in o* . The additional te rm s obtained above when taken in 
conjunction with the corresponding ones fo r x  indicate that the rate a t 
which the bore grows in W ensity  is  slightly overestim ated by the sim ple 
wave approximation.
N um erical resu lts  fo r t  . a s  a function of <r a re  given in  Table 1 
fo r the range 0 <<r < - j  and in F igure 16, the re su lts  a re  shown graphically. 
F o r values of cr le ss  than ^  » the percentage difference in the resu lts  
from  the two theories is  le ss  than 5. Z and consequently within th is range 
Friedrichs* theory shows very  good agreem ent with the p resen t resu lts . 
However# as r  in c reases  from  this value# the te rm s of o rd e r become 
increasingly m ore im portant and the resu lts  from  the in tegral equation 
should be used*
Results analogous to <3.4.45) and (3# 4. 46) w ere obtained by Pillow 
(4949) fo r the form ation of a shock. In fact the method used here is  very  
sim ila r to that of Pillow although, because of the absence of entropy
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varia tions, the in tegral equation (3* 4. 40) i s  escact w hereas in Pillow* &
work the equivalent equation was derived on an approximation valid to
3te rm s of o rd er cr . Thus Pillow does not continue the expansion beyond
Sthe te rm  in cr since fu rther te rm s  would not be significant. In relation
3(3. 4.15) the coefficient of o" is  positive, Indicating that the bore grows 
somewhat le ss  rapidly than the sim ple wave approximation suggests. 
Pillow appears to have m isin te rp re ted  h is resu lts , stating that the shock 
grows m ore rapidly when determ ined from  the higher approximation.
By a sim ple generalisation of the in tegral equation (3* 4. ?), the 
solution for the tim e t  a t any in te rio r  point of the curv ilinear triangle 
M Y X  m ay be found to the same o rd e r of approximation as  above. It will 
be rem em bered that on the b as is  of Friedrichs* theory this region is the 
continuation of the incident simple wave domain.
In Figure 1?, le t K be the point having co»-ordinates r. and s.* 1
with i ^ j  # that is# the point K does not lie on the curve P (r, s) « 0 .
The lines r  * r  * and s e s .  cut P(r# s) -  0 a t the unique points I and J3
respectively. On the a rc  JI  # the tim e t  is  a known function of <r and 
thus of “f  1) and also  a t a ll points of the a rc  the derivative ^
is  fW te  and non^-niero. Consequently we may apply Memann* s method to 
obtain the required value of t  a t E. In fact# from  (3 .4 .7 ) we find 
immediately#
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(3 ,4 .17) t(K) = ï{ |^ r# ||^ s« |( r ,s )} w t]{ î)  « [ { ^ r ^ ' | 8 - ' | ( r , 8)}wtKJ)
"i
d p .  d  f . i .   ^ r f  8 , d e .i  ,
"j
Ail the quantities on the R, H* S. of th is relation a re  known in te rm s of
r. and r . . Consequently on using the relation P (r ., s.) » 0 , t(K) can* 3 J j
be found solely in te rm s of the point co-ordinates r. and s. . The* 3
corresponding solution fo r x(K) can then be obtained by a method sim ila r 
to that above o r by using relation (3 .1 . i) . Equation (3 .4 .17 ) is  valid for 
any point K of the region bounded by the bore locus, the c "  characte ristic  
through the in itial point of form ation of the bore* M, and the reflection 
of th is ch arac te ris tic  a t the piston path.
Although we a re  concerned mainly with the in itial stages of the 
p rocess Of form ation we can describe quickly the rem ainder of the flow- 
field when the motion of the piston is  such that the acceleration  ceases 
before the point where the backward propagated ch arac te ris tic  from  
M reaches the piston path a t the point B, as  represen ted  in F igure 18.
C is  the point a t which the acceleration  of the piston ceases.
The solution in the region MHR has already been discussed and 
is  unaffected by ihe motion of the piston beyond C, The subsequent 
behaviour of the flow can be determ ined from  Figure 18 and is  as  follows.
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We suppose that the piston continues in the w ater for a ll tim es
t > t  ^  with constant velocity u ^ - a t  The co-ordinates of C a re  P P PX Xtaken as  , t^  . On CB, ( r - s )  is  constant and as s has the value 
unity in the simple w^ave domain OMB, it is  evident that in CHB both 
r  and s a re  constant w hilst in r  only is  constant. The flow
in th is la tte r  region is  thus a backw ard-facing simple wave. Since s 
decreases from  unity as the strength of the bore in creases, it  can be 
shown, by an argum ent s im ila r to that given in §3 Chapter II, that the 
simple wave is  a com pression wave and we assum e no secondary bores 
form .
In the region RM^V, r  is constant and consequently the velocity 
of the bore front does not a l te r  in the in terval RM^. T herefore the 
value of s propagated back into the w ater along the C ch arac te ris tic s  
is  constant. Hence we deduce:
(i) The flow in RM. V is  of constant p roperties .1
(ii) The region M^VC^H^ is  a forw ard-facing simple wave domain.
Along the section of the piston path BC^ , u is  constant although r  and 
s vary . However, a s  s is  decreasing  it follows that r  a lso  m ust 
decrease  as we move along the piston path in the direction of increasing 
tim e. We can then show, as  above, that the simple wave in M^VC^H^ 
is  a rarefaction  wave and consequently the velocity of the bore in the
in terval M. R, will dim inish.1 1
Finally# the region one In wHcli s ia constant and
hence t  also  ia  constant* that is  H .B .C , is  a region of uniform1 1 1
properties .
The w hole cycle of flow domains is  then repeated exactly as given 
above u n til the velocity of the p artic les  of w ater behind the bore is that
Xof the piston# that is  u •
Physically the motion rep resen ts  a  group of p ressu re  waves 
undergoing successive com pression and expansion as it  is  reflected 
off the bore front and the piston path.
The change in the E iem am  invariants r  and a together with the 
change in the velocity of the bore between the points R and E can be 
estim ated as  follows.
«I» artBy using the p roperties  of the C and C characteristics*  we can
w rite
However* as u is  constant on BC1
- r(B) ^ s(C^) - 8(B)
s(R) s(M)
and hence
- s(M) .
The value ol s a t M, that Is a(M), is  unity and consequently when the 
above relation is  expressed  in te rm s of the p aram ete r ct from  relations 
(3. i ,  5), we find
(3 .4 .18) ï(R^) - *(M^) s  - ^ r ^ ( R )  1- 0{«r"(R)} = **(&.) * r(R) ,
since region M^VR is  one of constant p roperties . By substituting fo r 
r(R^) and r(R) in  te rm s of and cr(R) , we obtain from  (3.1 . 5),
^ 0$v^<R^)} = «“(R) - ^< r^(R ) i O {<r^(R)} ,
and consequently for V (R^) # ar(R) eufliciently sm all the following se rie s  
expansion is  justifiable*
<r(R^) s  (T(R) .  ^< r^(R ) + O { f"(R )} .
Using the above relation together with (3, i* 5), the change in  s from  
R^ to R can then be found and is  given by
(3.4.19) e(R^) « s(R) s  0{<r^R)} ,
and in a s im ila r manner# the change in the velocity of the bore in the same 
interval* can be obtained and is
(3 .4 .20) |(R ^) .  |(R ) « (R) t 0 ( r "  (R)}
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It is  in teresting  to note that on the sim ple wave approximation# the resu lts  
corresponding to  the above are
and g (R  ) - |(E )  « 0 ,
3and although te #%8  of o rd e r cr (E) a re  neglected in th is theory, the
resu lts  a re  much b e tte r  than would be expected owing to the sm all
3 5magnitudes of the coefficients of «r (E) and <r (E) in relations
(3 .4 .18), (3 .4 .19) and (3.4,
OOMPBETE 3RD ORDER SOBUTIOISr 
FOR THE DECAY OF A BORE
We quickly recapitu late the m ain points of the statem ent of this 
problem . A piston is  pushed with uniform  velocity u^ into the still w ater 
causing a bore of constant strength to advance in the stagnation region. 
A fter a  finite time# the piston is  re trac ted  from  the w ater with a constant 
velocity u^ ? thus generating a simple rarefaction  wave# point- 
centred a t the origin, which is ju s t completed by vacuum conditions.
The motion is  thus expansive everyw here behind the bore front and no 
secondary shocks form .
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The É0W is  com plicated by the effects due to the disturbances
which a re  propagated along the C ch a rac te ris tic s  Irom  the bore back
•î-into the fluid and which in tu rn  in te rac t with the oncoming C ch a rac te r­
is tic s  and so affect the ra te  of decay of the bore. The method of solution 
which is  used takes into account the effect of this interaction.
In the phy sical plane, the flow#field is  a s  shown in Figure 42 and 
the region of in te rest, consisting of the pencil of G ch a rac te ris tic s  which 
contribute to the p rocess of decay, is  bounded by the C ch arac te ris tic  
of the simple wave a t the bore and by the locus of the bore itse lf. In the 
ch arac te ris tic  plane th is region is  transform ed into the finite and bounded 
domain » a s  shown in Figure 45.
As before, the system  is  governed by the E u le r-Pois son-Da rboux 
equation, (3. 4. 2), for the tim e t a s  a  function of r  and s. The boundary 
conditions appropriate to tills prdblem  a re  supplied by {3. 4* 9) and (3 .1 .43), 
that is
(3 .5 .4 ) (i) On P (r, a) * 0 , t  s G(r, s) t  ,a r  3
r  4 s 2
(ii) O n  B ± s  , t a t   ” ) .n n r  t  sn n
The Biemann function satisfying the adjoint equation of (3.4. 2) Is s im ila r
to that defined in the previous section. However, a typical field point in
the p resen t application now lie s  on the line s « s instead of b  ^ i .  
Accordingly in the p resen t section we use
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{X t  s  >^ ( ^ 9  -!■ 8 ) ^  1 1(3 .5 .2 ) w(r, 9 i * s ) aï F(#% , *%' ; 4 * p)ii A  ^ t# ^ ^-î' e )
(r-ïg>.(s-B^)
( r   ^ 8 ) . (-W I s) n y
« iThis function is  (r+s) tim es the c lassica l Riemann function with field
point (r^ , s^). The requisite  proof is  given in ÿD Appendix I. As before,
Sg is  the s-co-ord inate  of the point on the bore locus whose r-co-ord inate
is r  . This is  the point % in  F igure 45. The procedure followed to solve
this boundary value problem  is  s im ila r in type to that given for the foamation
problem.* We use Riemanii* s method to derive an in tegral equation fo r the
tim e t(r , $) on the bore locus. There is , however, one m ain difference
between the in tegral equation in th is case and that of the previous section
which is  that now the equation has a singularity as the upper lim it of
integration r^ tends to unity, the value assum ed in the lim it as the bore
tends to a ’ sound wave* in a stagnation region. This behaviour is  expected
as we now wish to consider the whole h isto ry  of the bore and m ust therefore
seek a solution which is  valid fo r a ll t  > t  and we would expect the bore to
decay to %ero strengf/h only a fte r an infinite tim e. Unfortunately an exact
solution of the in tegral equation cannot be obtained owing to the complexity
of the integrand* However, if as before the se rie s  representations of the
bore relations, (3. i .  5), in te rm s of cr a re  employed then an approxim ate
solution can be obtained which is  valid so long as the in itial strength of the
bore is  such that the fourth power of the p ressu re  difference ac ro ss i t  can 
be neglected, The solution is  thus lim ited to bores which a rc  not too strong.
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However, the method does yield the complete h istory  of the bore within 
th is range of p ressu re  difference.
The in tegral equation is derived in exactly the sam e m anner as 
(3 ,4 , ?) and is  indeed identical with it  except that M is  now replaced by 
N and the lower lim it of the in tegra l is  r^  instead of 1. When use is 
made of (3. 5. 4) then the form  of the in tegral equation corresponding to
(3 .4 .9 ) is
(3 .5 .3 )
J. i
"  i " e  "  ê  ( ^ 9  .  S q  ) }  ( ^ 0  s /  ( r g  4  0 0  ]  t ( r g  .  )
Mathematically the m ost significant difference between this equation and
(3 .4 .9 ) is  that the te rm  on the R. H. S. o ther than the in tegral does not 
vanish when r^ = 4 as  it  does in (3.4* 9). Since the coefficient of t(r^ , s ) 
on the H. H. S. is  %ero when r^ = 4 in both cases this explains why we get 
an infinite value of t  when r^ = 4 in (3* 5.3) although not in (3 .4 .9 ).
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Before deriving the param etric  solution for x and t  on the bore 
locus we can obtain from  (3. S, 3) the in itia l rate of change of tim e on the 
bore locus with respect to r^ * This esqpansion is exact and is  consequently 
valid fo r a bore of any in itia l strength. We differentiate (3. 5. 3) with respect 
to r^ and then take the derivative a t the initial point of modification of the
bore, where r_ % r  , s_ e s and obtain im m ediately,8 n V n
(3. 5.4)
« . ds . ' *1 . _ ,  -2 ds
{ 2 aT - K *  V 2 <2 V 2 V < V V
® ®n ®n
" <V V  + i f v l  V  > > "nn 8 ^
#2
= “ |l | V i  V ‘V V  ^ V % ) ]0 n
* " i  ®n " k w ]  Ew {*• * V, S, e j ]
- n
s^üs. m.0 n
in the above, the in tegra l of the derivative with respect to r  of the integrand
is  zero as the integrand is  bounded at the point H and the range of 
integration is  zero.
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F rom  (3. E) i t  la easily  seea thatt 
U) w(r^. r^ . 0^ . s^) ^
(ii) {w ( r .  # s. * r* s)} % % { w ( r  *s , r* a)}r y n w s 0  n r=T0 =r^
®““e*"n ==0 ==n
On substituting for the relevant quantitie i from  the above relations into 
(3.5*4) and perform ing the.meoêBsary reductions* we finally obtain the 
sim ple resu lt,
(3 .5 .5 ) f  •
n O n
F o r m oderately sm all values o f  the p aram ete r <r^  * the a b o v e  expression
can be expanded by using (3. i .  5) to give
n
We may proceed in a like m anner and derive the value a t the in itial point N
Of any of the succeeding deriva.tives of t with respect to r^ * By a sim ple
application of Eeibnitz* differential theorem  it can then be seen that the
 ^ mm th  derivative* fo r example» has a leading te rm  of o rd er ( ~ )  when
n
expanded as  a power ae rie s  in 0^  . With a  knowledge of these derivatives.
406
the corresponding derivatives of % with respect to r^ could then be 
obtained by using the relation dx » |  dt* which is  valid on the bore locus. 
In th is way a T aylor se rie s  expansion fo r x and t  in te rm s of r  and 
r^  could be generated. This solution would hold fo r bo res of any strength 
but it would be valid only in the neighbourhood of the in itial ponxt of 
m odification of the bore. We do not derive th is solution here as in §6 of 
th is chapter a m ore general method, based on Meyer* s * focussing 
equations* (M eyer and Mahony, 1956), is  given. We do, however, derive 
a se rie s  representation  fo r x and t on the bore locus which is  applicable 
to bores of m oderate strength and which gives the complete h isto ry  of the 
bore locus. Relation (3. 5. 6 ) w ill be useful for providing a m eans of 
estim ating the range of validity of th is solution.
It is  convenient to define a new dependent variab le , T , by
n n II n 7
( r  4 s ) n n
’Sn te rm s of T , the in tegral equation (3. 5. 3) then becomes
"Y r®  ( r t s ) ^ ( r + s y
(3 .5 .8 ) T (r0 . 0 0 ) = ( r 0 + 6^) - T(». s) -  fc^(rg , o^. r ,  s) d r  .
(^ r“js - g ( r ,  s))
where
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A r . r 4 A.» ,4 3 T , ds  ^ ^4^^8 ' % * ^ [w^gg# .
inspection of k^(r^ $ s # r# S) shows that it  is  a hounded function in the range
4 5, ^  hence that the singuiarity in the in tegral equation (3.5* 8)
3 4 *a r ise s  only from  the te rm  in the denom inator of the integrand.<6 a
Consequently# we would expect to get a  taniformly valid approxim ate solution
by e^qjanding k ^ (r^ , r* s) a s  a double power se rie s  in (r-1 ) and (r^ -4),
that is  in er and  ^ # where # is  the value of <r a t the point X in F igure 4 6 ,
The he 'mal of (3 .5  .8) can be expres sed in te rm s of s^# cr and s to any
required degree of accuracy. However# as  the o rd er of the expansion is
increased  the algebraic detail becom es increasingly m ore cum bersom e.
Consequently# to illu stra te  the method employed we expand the kernel to
3te rm s of Order <r only. To th is order# we may replace s^ by unity 
w herever It occurs with te rm s of o rd e r  o*. A fter a considerable amount of 
algebra# the details of which a re  given in §0 Appendix I# the required 
eap&nsion fo r k^(r #« ) is  obtained as
n»— 2 • 2
2 z A â O r^ « -50y«^+67*^ .- — — iir — — ' + » •
The rem aining te rm s  contributing to the kernel of (3. 5.8) a re  entirely  
functions of or and may be shown to be given by
* aC<8 “
i .  1  1
, 3 . „ ,  .
The proof of th is represen tation  ie given in §G Appendix I. The method 
adopted to coXve the in teg ra l equation (3* 5.8) is to transfo rm  it to an 
equivalent ordinary differential equation for T(« }. To this end, we require 
to w rite  k^(r ,€ J a s  fa r  as  possible in a Pinoherle^G oursat form . The 
form  which is  m ost suitable is
3
Thus by m ultiplying (3 .5 .9 ) and (3. 5. 40) the kernel k(o*, « ) of the in tegral
equation (3, S. 8), when e^^ressed  as a double power se rie s  in <r and «
3is  to the o rd e r o* , given by
(3.5.11) M<r,t )* » 7 C l- |« + | |* ^ -^ « ^ - S -  0(#")]
If we now define
(3.5.12) M(c) = (rg-i-e^)''T(* ) ,
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then the in tegra l equation (3. 5. 8) may be w ritten a fte r some algebra, as
(3 .5 .13) M(« )*  1 - [  ^ ^ C l + |< J - - ^ < r ^ - ^ o - ^ l ~ « « r ^ + 0 ( t r " ) ] d t r  .
<rn
The proof of this resu lt is  given in 9E, Appendix I.
By a double differentiation of (3. 5, 43) with respect to e ,  we find 
that the in tegral equation to th is approxim ation is  equivalent to the 
following second o rd e r lin ear ordinary differential equation,
(3 .5 .44) ^  nM^  { 4 ^ 0(* ^ )} ^
dfi
" { 4 i-* ^ € ^  # 4 0(f^)}M  = 0 ,
with boundary conditions
(i) M(» ) = 1 ,n
ii) M* (r ) = [4 * TT^ # 4 0(r )] .n <r *■ 8 n 64 n 256 n '  nn
Equation (3. 5. 44) has a reg u la r singularity a t « s# 0 and consequently it 
can be solved by the method of Frobenius. The details of the situation a rc  
given in §E# Appendix I. The indieial equation gives exponents #4 a t the 
origin but although these differ by an in teger, the resulting se rie s  solution
- l i o  -
can in fact be generated without recourse to logarithm ic singularities.
When the solution is  ca rried  out to the appropriate degree of approxim ation 
and the in itial conditions fitted in, we obtain
(3. 5.15) M(« ) * ~  [1 + I  - 3<r^ « -5- 2* )^
(37f +180- h  .  135«r * ^ -i- 80t^) -1- 0(<r ^)] .4024 n n n n
It m ight be objected that the nature of the singularity in th is solution would 
vary according as the o rd e r of the expansion of the integrand of (3. 5. 43). 
However, th is is  not the case. If, for example, we consider the expansion 
to te rm s of o rd e r m  in € then the in tegral equation corresponding to 
(3. 5. 43) would be of the form
6 ^
M(. ) = 1 - ! t S f,(<r) t^] do- ,
 ^ 1=0 *0"n
in which the f  ^ a re  functions of <r and a re  known.
This in tegral equation may be transform ed into the equivalent ordinary 
differential equation by differentiating (m+i) tim es with respect to e .  On 
examination of the indieial équation it  is  then seen that the exponents a re
4-4» 2, 3 ,4 , . .  * ,m . That is , the nature of the singularity given by (3. 5.45) 
is  co rrec t on the b as is  of the approxim ation introduced by expansion of the 
k em al of the in tegral equation. The rem ainhig exponents, 4 ,2 , 3 , . . .  ,m  
serve to generate the higher o rd e r  te rm s in « and <r .^
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The solution for t on the bore locus as a function of cr * <r is  now 
readily obtained by using the relations (3. 5. 42) and (3. 5.7). The details 
of the solution a re  given in §E# Appendix X and the required resu lt is 
found to be
2
5. 46) '—r— ^  £4 ) 4 (9»*  ^ - 50r r 4 44<r^ )t^  tA  n Aoo n n
^ (999cr ^4360ct 0**^ 42964cr^) 4 0(cr ^)]27648  n ............... n    ' ' n
in ivhich « has been rew ritten  a s  cr •
The corresponding solution fo r x(^ ,cr^) can now be obtained by using 
the bore relation dx = |( r ) d t .  However, we do not give it  e3q>licitly here.
Examination of (3. 5. 46) shows that it has the anticipated behaviour 
n ea r cr » 0. As will be shown la te r , i t  is  also  accurate  n ea r c  =cr^ 
during the in itial stages of decay of the bore. The corresponding resu lt 
obtained by Friedrichs* simple wave approxim ation, (3, 2, 5)a, ag rees  
with the above resu lt up to the lin e a r te rm  in the square bracket. The
simple wave solution could be obtained from  (3. 5.43) by neglecting te rm s
2of o rd e r <r in the integrand. The p resen t approach leads to an approxi­
mation two degrees b e tte r  than that of the simple wave although the initial 
assum ption only involved retaining one additional power of <r. The method
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of solution, however, now takes into account the cumulative effects of the 
e r r o r  introduced by the approxim ation.
The in itia l ra te  of decay of the bore is  determ ined from  the value of
dt^  a t the point H where <r F rom  (3. 5. 46), we obtain on differenti­
ating with respect to r ,
(3 .5.17) ( ^ )  » -  - ^  El 4 ^  *
n n
3This ezqpansion ag rees to the te rm  in with that obtained by expanding
the exact resu lt given by (3. 5 .5 ), that is  (3. 5.6). F rom  (3. 5.6) it  is  seen
#2 4that the e r ro r  te rm  in the above solution is  of o rder 40^ <r and it  is  notn
unreasonable to suppose that (3. 5. 46) wdlX give an adequate description of 
the whole h istory  of the bore whenever this expression can be neglected.
The flow-field is  represen ted  in F igure 42 and as the sim ple wave is  ju st 
completed by vacuum conditions, the C* ch a rac te ris tic s  tend asym ptotically 
to the piston path OB. The above solution for the locus of the bore,
(3. 5.46), determ ines the whole h isto ry  of the bore within the approxim ation 
o b sen  ed. By a sim ilar method to that used in the form ation problem , the 
flow can be determ ined a t any in te rio r  point of the region bounded by the
ch arac te ris tic  Y.M  on which r  ~ 4 , the portion of the C charac te ris tic  
bounding the incident sim ple wave domain and the locus of the bore 
NSivi* In fact, on using a sym bolism  sim ila r to that employed previously
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and with the appropriate houndary conditions for t  , we may w rite  down 
the following expression fo r the tim e t  a t any point K(r.# s J  in this 
domain.
(3. S .48) t(K) = £{% r—g s-# (r# s )}  wt](l) - ^ (r, s)}w t](J)*4
r-,
' j
The corresponding re  suit fo r the value of x a t the point K  can then he 
obtained by using the relations (3, 4*4). The flow in the rem aining portion 
of the physical plane has been shown in §3 Chapter t t  to be
everyw here non-compressive* It can now be determ ined explicitly  by 
solving the boundary value problem  In which t sa tisfies the E u ler- 
Poisaon-Darboiix equation# (3* 4. 2), with the boundary conditions provided 
by the sim ple wave relationships on the C"* ch a rac te ris tic  Y^B and the
Hhknown variation  of t with respect to s on the C ch arac te ris tic  on which 
r  * 4, ttnat is  determ ined from  (3; 5.48).
$6. SOME MÜMERICAE RESULTS FOR THE DECAY OF A BORE 
We now make a com parison of •numerical resu lts  drawn, from  the 
p resen t theory and Friedrichs* sim ple wave theory* F o r convenience* 
the section is  sub-divided into th ree  p arts .
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(i) Table Z shows the value© of {— ) on the locus of the bore a©
2calculated by th ree different form ulae fo r a range of values of c # the11
square of the sound velocity behind the bore im m ediately before the inter#
Zaction takes place. In the following work c is such that 4. 2 < c < 3n — n —
corresponding to values of cr , 0. 4943 < cr <4* 5767. The th ree  cases a ren n —
(a) The exact value from  the in tegral equation, given by (3. 5. 5).
(b) The value from  the se rie s  solution from  the Integral 
equation as determ ined from  (3. 5. 47) and (3. 4. 6).
(c) The value determ ined from  the simple wave theory and 
given by (3. 2. 5)a with (3. 4.5).
Examination of Table Z indicates that a s  expected the approxim ate solution
determ ined from  the in tegral equation i s  m ore accurate  than that determ ined
from  the sim ple wave theor^r. However, both approxim ations a re  rem arkably
good when com pared with the exact values except where the bore is  initially
very strong* The columns showing the percentage difference in the values
of - (4^) from  e ith e r approxim ate theories relative to the exact value, 
n
given by (3. 5* 5), indicate, however, that even when the bore is  initially
weak the resu lts  from  the p resen t approxim ate method a re  significantly
b e tte r  than those from  the sim ple wave approximation suggesting that the
2te rm s of o rd er <r^  make a significant contribution to the final num erical 
value. The two approxim ate solutions a re  applicable stric tly  only to bores
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2for which cr < -r , that ie c < i ,  6, as the expansions of the bore n 3 n
relations are convergent for such values.of cr , N everth e less , the table
dtwould seem  to indicate the approxim ate solution for as a function
n
of cr and <r^  obtained from  the in tegral equation could be extended to 
bores for which cr may be as high as !♦ 57, corresponding to = 3 as 
the percentage difference is  of the o rd e r of only 1. 4 % . F o r the same
degree of e r ro r , the simple wave theory, however, ought to be lim ited
Zto  bo res for which the value of <r < % »n 3
(ii) The second sub#division is  concerned with the resu lts  of the 
simple wave approximation. The significant solution of the decay problem  
by the sim ple wave is given by (3. 2. 6) a. However# in Chapter IÏ it  was 
mentioned that F ried richs derives a closed analytic form  fo r the solution 
which in fact includes te rm s of the same o rd er as a re  neglected by the 
hypothesis of the theory. Lax (1948) applied the simple wave approximation 
to the decay of bores and employs the closed form  of the solution to derive 
num erical resu lts  which a re  given in graphical form . It w ill be in teresting
to com pare some num erical values of ~  as obtained from  the two
n
solutions.
in §F Appendix Î# the closed analytic form  of Friedrichs* solution 
for t as a function of <r and 6^ is  derived and we shall m erely  quote
here the result.
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(r ^ 1 (T
(3 .6 .1 ) f -  = ( f  ) [ ------ ^  ]
The significant solution is  derived in $3 of this chapter and is
2cr
(3 .6 .2 ) = {■— ) [1 + ^  (<r^ -<r ) I- 0(f^^)]
n n
We com pare num erical resu lts  fo r "  from  the above expressions fo r a
n
range of values of f  and cr .^ The desired  num erical values are  listed
in Table 3 and it has been found convenient to use c and a s  independent
variab les instead of o* and <r .^ This change is  made m erely  as it is  felt
that c is m ore meaningful physically than the p aram ete r <r . The m ain
conclusion to be drawn from  Table 3 is that the values of ^  when
n
calculated from  the closed expression* (3* 6* 1), a re  consistently under­
estim ated relative to those calculated from  the significant result* (3*6. 2). 
This means that the actual decay of the bore is thus slightly overestim ated 
when (3. 6.1) is regarded as  the solution from  the simple wave hypothesis* 
Also* as the in itial strength of the bore increases* that is  as  increases* 
the magnitude of the overestim ation inc reases correspondingly* F or 
values of t  in the neighbourhood of the initial point of interaction* t^* 
the two form s pred ict values whose magnitudes differ only by 1 % and as  
such a re  not actually significant. However for la rg e r  values of t th is 
difference becom es much m ore pronounced so that caution m ust be 
exercised  when claiming any significance for the resu lts  from  (3. 6.11;
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Zfo r example, when = 1 .5  this difference is  of the o rd er of 4 %  with
Z Zc ss 1. 05 and for c « 1 .8 , the difference is  of o rd er 10 %  corresponding
to 0^ = 1. 08.
It seem s appropriate to note that l a x  (1948) suggests a num erical 
method which would be applicable to the decay of very strong bores. The 
proposed technique consists of two stages. F irs tly , a finite difference 
scheme could be used to obtain num erical values when- the bore is very  
strong. Secondly, to use the simple wave approximation when thé bore 
has decayed sufficiently. It is  questionable that th is method would yield 
valid resu lts  since it would seem  to assum e that tine flow from  the incident 
simple wave rem ains unmodified a fte r Interaction with a strong bore. Even 
though the region in which the bore is  strong is  very  sm all, the changes 
propagated backwards along thé C characte ris tica  will affect the oncoming 
C ch a rac te ris tic s  appreciably. Hence, although the bore becom es weak 
afte r a sufficient tim e has elapsed and the flOw in the region behind it 
approxim ates in ch a rac te r to a simple wave, th is * second* wave w ill not 
be the continuation of the Incident One which Ea% would seem  to assum e.
(iii) The la s t sub-division is  concerned with a com parison of values
—  Zof t^  as a function of c , as obtained from  the p resen t theory and the
significant form  of Friedrichs* theory. By this m eans it  is  possible to
give an indication of the range of values of fo r which the simple wave
approxim ation is  ho longer accurate . The resu lts  a re  contained in Table 4
dis -
2 2for a range of values of c and . These resu lts  ought s tric tly  to be
2 Zconfined to values of a* < % , that is  c  However, in view of then 3 n
close agreem ent with the exact solution obtained by the p resen t method for
dtvalues of , shown in Table Z, it is  not unreasonable to propose a
2* range of application* given by 1 < c < 3 , fo r the p resen t theory.n
2Examination of Table 4 in the range of values of c^, 1 < < 1 .8 ,
which corresponds to * weak* bo res, indicates that the two theories p red ic t
t  ’values of —  which a re  in good agreem ent although the sim ple wave
% • ^  
approximation consistently underestim ates the value of t^  given by the
p resen t method. The maximum percentage difference is  10 %  when
2 ' 2  c A 1.8 . This is  to be expected as the te rm  of o rd er cr in the p resen t
solution* (3*5.16), is  positive for a ll values of o* and or -^ Friedrichs*
theory therefore overestim ates the ra te  at which the bore decays for th is
range of in itial bore strength. F o r bo res of g rea te r in itial strength, the
difference in the resu lts  becom es m ore pronounced, being 10 when
2 2 = 1 .8  and 50 %  when c « 3 . The simple wave approximation
is  not accurate in th is range of bore strength as te rm s of o rd e r will
become increasingly im portant. The p resen t approxim ate method should
tprovide a reasonable indication of the o rd e r of magnitude of —  in th is
n
range. As the in itial strength of the bore increases yet fu rther, caution 
m ust be exercised  in claim ing any p rec ise  significance of the resu lts  from  
the p resen t method as te rm s of o rd e r will now become im portant.
In conclusion, the simple wave theory gives a reasonably accurate
picture of the flow-field so long as the initial strength ol the bore is  such 
2that 0 < 3, the solution developed by the p resen t method can be
expected to describe the flow-field m ore adequately.
§7. AN ALTERNATIVE METHOD FOR THE DÊCÂY OF BORES 
The discussion on phenomena associated with bores is  concluded 
by presenting a method fo r the in itia l stages of decay of a bore whose 
streng th  is  not lim ited. We could of course derive such a solution from  
the integral equation by the following two methods.
(i) We may proceed as in the previous section and obtain the 
succeeding derivatives of t  witîi respect to r^ a t the in itia l point of 
modification of the bore and thus generate a Taylor se rie s  expansion 
fo r tim e t on the bore.
(11) As in the form ation problem , a power se rie s  representation 
fo r t  on the bore, of the form
t « 3  a.(<r -cr 1 n
could be substituted into the in tegral equation (3. S. 3) and the requisite 
coefficients a^ determ ined.
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E ither of these m ethods would be useful fo r describing the early  
stages of the p rocess of decay but could not be used for large values of i  
smce the respective se rie s  would become divergent as cr o. Rather 
than use the above m ethods, however, we shall obtain the solution for the 
flow-field in the early  stages of decay by a method introduced by M eyer 
(1956). This method too cannot be used for large values of t  but it  has 
th ree advantages over e ith er of the above methods. F irs t , it does not 
employ the Riemann function a t a ll and hence avoids com plicated 
e:^ans,ions of the hyper geom etric function. Secondly, it can be used to 
describe the en tire  flow behind the bore in a m ore tractab le  form  than 
the solution given by the in tegral equation* (3 ,5 ,18), L astly , the 
extension of th is method to the in itial stages of decay of bores caused by 
a m ore general piston motion can be quickly obtained. This la tte r  
advantage is relatively im portant since we consider only the in itial stages 
of decay and consequently the effects due to secondary bores* which in 
general w ill be form ed in th is case, can be neglected.
The focussing equations a re  derived from  the E u le r-Fois son-Barboux 
equation in the dependent variable^ tim e t, (3.1*2). If U(r, a), V (r, s) 
a re  functions defined by
3 3
A. ^ ^(3 ,7 .1 ) Ü(r, s) « (^^^1^) t^ (r, s) , V (r ,s )  « t^(r* s) ,
xT n ti n
then (3 ,1 . 2) may be replaced by two interdependent f irs t  o rd er partia l 
differential equations, the focussing equations*
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( 3 . 7 . 2 )  ( r - t s ) ü ^ + - | v  = 0 , ( iMs)V + | u  = 0 .
We assum e that the piston is  pushed with uniform velocity into the 
still w ater and is  then withdrawn* a fte r a finite tim e, in an a rb itra ry  
m anner. The origin of the co-ordinate system  is  chosen as the point on 
the piston path where the constant motion of the piston ceases. The 
param etric  representation  of the piston path is  given in te rm s of two 
functions X and T of the Riemànn invariant r which is assum ed 
to be continuous and differentiable as required. The flow-field in the 
physical and ch arac te ris tic  planes is  as illu stra ted  in .Figures 19 and 20 
respectively. We seek a solution for the flow-field in the initial stages 
of the interaction, represen ted  hx the above diagram s by narrow  region
1
The boundary conditions for equations (3. 7. 2) are  given, as before, 
by the relations on the C ch arac te ris tic  through the in itia l point of 
modification of the bore NY, and by the bore condition, (3 .1 ,9 ), on the 
partia l derivatives t^ and t^- The fo rm er relation is  derived in a 
m anner sim ila r to that given in .§i of th is chapter and is given explicitly 
in §.G Appendix I. Here we m erely  quote the resu lt, which is
,  i  3 ,  .r  I'S -"T r
on 8 « s , t  « t  (— 4 (3M*s ) / (z4s ) ds ,n n r(-s n J  ' '  nn rn
w here  \ ( r )  = ^  [X(r) 4 ( ^ r - l s  ) T(r)] . dr w dt TL
i ZZ  -
By differentiating the above relation for t with respect to r  and
r t  8 2
multiplying throughout by a factor # we obtain the following
n n
condition for tl on s = s .n
« t g \ ( r  ) „ r w t I \ 0+8(3.J.4) J  d . ]  .
n n ^ n n nrn
The rem aining boundary condition, that on the image of the bore locus,
is  then given in te rm s of the functions XI and V from  relations (3. 7. i )
and (I. i .  9), and is
(3 .7 .5 ) on P ( r ,s )  = 0 , V (r, s) « G(r, s) tj{r, s) .
The approxim ate method adopted consists in assum ing that the required 
solution may be represen ted  by an expansion in powers of (s-s^).
That is , we assum e that the functions tl and V* can be form ally w ritten  
as
k(3 .7 .6 ) t t ( ï . e )  a S tJ .(s ) .(s"S  ) ,
te=0 “
P t(3 .7 .7 ) V (r,a ) = S V ( r ) . ( s - s  f  ,
lc=0 **
where the upper lim it of summation p determ ines the o rd er of the 
approximation.
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This assum ption ought to give a good approximation to the flow in 
the early  stages of decay since in th is in terval, the difference s -s^  will 
be sm all.
The partia l d ifferential equations represented  by (3.7. 2) w ill thus
be replaced by a system  of interdependent f irs t  o rder ordinary differential
equations which together with the initial conditions, determ ined from
(3 .7 .4 ), (3.7*5), w ill enable the unknown functions tT. and ,
where i « 0, i ,  2 , . . . ,  p, to be found. In fact, when s = s , we have fromn
(3 .7 .6 )
(3 .7 .8 ) U (r, s j  = V j i v )  ,
and consequently U^(r) is  a known function of r  from  relation (3 .7 .4 ). 
By d irec t substitution for lT(r, s) , V (r, s) from  (3. 7. 6), (3 .7 .7 ) into 
the equations (3. 7. 2), we obtain the following relations.
P-* k - l  3 P k(3 .7 .9 ) [(r i-y4-(8 -s^ )]S  kUj^(r).(B-s^)*' S V j^ (r).(s-sJ^ .k = i  k ? 0
(3 .7 .10) t(r! s^)+(s-s^)) E V * ( r ) . ( s - s j  % U ( r ) . ( 6 - s j ^  ,
k=0 k=0
where a dash denotes differentiation with respect to r . On equating 
coefficients of (s-s^)'^, a se rie s  of ordinary differential equations in 
TJ(r), V(r) is  obtained and a re
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(3 .7 .11)
(3 .7 .12)
(3.7.13)
(M-B ) (k-î-1) U, ,  ^ I- kU, = - | v ,  . k >  0n k+1 k 2 k
with ( r f  8 )V *n  o
We aXïeady know Ü * Then (3. ?. 13) gives V ’ fypm which we find V .o ” o o
We then obtain tJ^ front (3.7.11} and th is determ ines V^* from  (3, 7.12). 
Thus the two sequences of Ü(r) and V(r) functions a re  constructed. At 
any stage is  determ ined by a pureiy  algebraic relation but has 
to be found as the solution of a f ir s t  o rd er ordinary differential equation. 
The in itial condition which fixes is  determ ined from  relation (3. 7. 5).
In p ractice , we expand (3. 7. 3) about the point N which leads to the system
(3. 7.14)
00
where G(r» s) = Ch(r). (s« s )^  * on P (r, s) « 0 .J5=u j n
This form  of relation (3. 7. 5) is  meaningful so long as the function 
G(r, s) has no singularities a t the in itia l point of modification of the bore. 
G(r, s) can be conveniently expressed  in te rm s of the p aram eter H, 
defined by (1 .4 .15)» as
G[ï(H), s(H)]
Hi- Î+H
H - V
2
IjTî 
2
H > 1
The details of th is resu lt a re  given in §H Appendix I.
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F or the decay of a bore, the value ol G a t the in itial point N is  
given by inserting  the value H lo r  H in the above. The in itial strength 
of the bore is  non*» zero and consequently, from  §4 Chapter I, H > 1.
Thus the value of G a t th is point is  always finite. However, when the
-I-form ation of a bore takes place on the leading C ch a rac te ris tic  of the 
incident simple wave, the value of H at the in itial point of form ation 
ol the bore is  unity» and it  is  seen from  the above relation that the function 
G has a trip le  pole a t th is point apd consequently the above expansion of 
G(r, s) around th is point is  not valid. This explains why the p resen t 
method is lim ited to problem s concerned with the decay of bores. It also 
serves to em phasize the reason why the method is  applicable only to the 
in itial stages of the p rocess qf decay and cannot be used to determ ine 
any asym ptotic representation  for the bore locus since in the ultim ate 
Stages Of decay of the bore , H i  .
F o r a given value of k , is  obtained before V^. This m eans 
that (3 .7 .14) gives V^(r^) which is  the required in itial condition 
enabling equation (3.7.12} to be solved fo r V^.
We illu stra te  the procedure by obtaining the f irs t  two te rm s fo r 
ü(r» s) and V(r, s), that is  and 11 .^ From  relations (3 .7 .13) and 
(3. 7. 4), v/e obtain im m ediately
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n  n n n nTn
A fter some manipulation, this equation in tegrates to yield the resu lt
Q t  r - r  2
-i %  ^ ‘ 3 ]n n ' n n
3r  w2 y ^% g r  /. 2 . . . .
- „ l ' v / V < r f '  < / ' - r f '  'n n n n nr  rn n
On substituting for V (r  ) in te rm s of U (r  ) from  (3. 7.14) witho n  o n
XT (r  ) as  given by (3 .7 .4 ), we finally obtain, o n
3 9 3 ***r,(3. 7. J5| . .  Y^W .  -  -  — ) ( ° . - T  w f ln n- n n
3 ^ r  «2 V ~j   ^ y4 S_ zf 2
z <v * n >  /  t n r ’ < /  •f t t "’ - r  ■
in which G = 0 ( r  , s ) .o n n '
The solution fo r U .(r) is  then given in te rm s of V (r) from* o
(3 .7 .11) with k = 0, that is
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3b. 0 .( r )  SÎ
with V^(r) as  determ ined by (3 .7 .15>.
tl(r) and V(r) functions of higher o rd er a re  easily  generated 
although the algebraic detail becom es ra th e r m ore cumbersome* The 
expansions fo r V(r, s) and V(r» a) , obtained from  (3 ,7 . 6} and (3 .7 .7 ) 
then determ ine the p artia l derivatives of t  with respect to r  and s 
respectively a t points suitably n ea r to s#s and consequently the 
independent physical variables x , t  a t these points may be determ ined 
as functions of the Biemann invariants which characterize  the points.
hi p a rticu lar, to find the equation of the bore locus in the physical 
plane we use the differential relation
r  2
(3 ,7 .16) dt *! t  d ,  + t  ds * (■'" ", “) ru(3r, s)d t +r  S ■ rl" s
On the bore the functions U(r, $} , V (r, s) and G(r, s) a re  related  by 
(3 .7> 5). However from- equations' (3. i .  7)b and <3^  1 .9), i t  is  seen that
0{r, s)
i  3g(r, s) -
3 1 ^  T^ r  4, - ja  « §(r# s)
d r
ds
By using the above form  for G(r, s) in (3* 7* 5} and then substituting fo r 
V (r, s) in te rm s of H(r, s) in (3. 7.16) we obtain the relation
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dr 3 i  I ,  iTT * T@ - |{ r ,  b)
which enables t  on the bore locus to be determ ined a s  a function of the 
Riemann invariant r  since s is  defined im plicitly in te rm s of r  
through the relation P (r , s) * 0 . A particu lar resu lt of some in te re s t 
is  the in itial ra te  of decay of the bore which is  determ ined from  the 
value of at the point H. F rom  (3. ? .! ? ) ,  we find
A t .
in which 0 ( r  , s ) is  a known fmiction of r  , s from  (S. 7.6) and n n n n
(3 .7 .4 ). Hence we can w rite
(3 .7 .18) m
This resu lt is  valid fo r a general type of piston motion and when the 
incident simple wave is  poin t-centred  a t the origin of the co-ordinate 
system , that is  X. is  then zero , reduces to the form  (3. 5. 5) which was 
obtained by the method of the in tegra l equation.
To obtain the solution fo r the in itial stages of the path of the bore 
in the physical plane, equation (3* 7.17) can e ith er be integrated
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num ericaïiy , assum ing that Ufr, e) has been found to a suitable 
approximation, o r the bore relations (1 .4 .16) can be expanded around 
the conditions a t the point N and in th is m anner an analytic expression 
for the path of the bore may be determ ined. W# follow the la tte r  method 
and to illu stra te  the procedure find a m presentation fo r the bore locus 
to te rm s of o rder, up to and including, (s-s^) .
Using the yelocity pf sound c a s  a p aram ete r instead of H in 
the bore relations (1 .4 ,15), we may w rite
(3 .7 .19)
2 '  "  2 r  f  c 4'i 14c
8 ~ 2 c ' 2
If q « c ^c, where c is  the value of c a t the point K, then the n n
above relations when expanded in te rm s of q a re  given, a fte r  some 
algebra, by
k = l ( \ >  + O(q^) .
(3. 7.20) r  s  (i+a^jq + of-q^ + O(q^) ,
2 38 » - (l-o^)q  - ot^q 4 0(q ) *
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where
(3 .7 ,2 1 )
and
a .  ='
4 Z 2C 4 C 4 1 n n
2c ■V2(l+c 2)n n
3c ^ 4 3 c ^  ^ 3c ^ - 3. . n. .,. 'n.. ... n.;... , -
4c (14c . ^) l 6 ( i 4 c . ^)n n n
The above expansions a re  derived ab initio in ^l. Appendix h  From  
(3* 7,30) and (3* 7. 21), i t  follows that we may w rite
(3 .7 ,33) 
n n
3 1 *  *^r-'g's# |(r*  s)
(l4<?*):(r 4@ } 1 . m n
I  v K 4 ( * „ . 3 n l4 u . 3 1 g* z * t r z \ ' ^ n
r  )q40(q )
seen from  (3* 7. 6) that
Ü(r, s) can be expressed  as
(3 .7 .33) ,8) e U (r)4 U.o %
in wMch U^(r) and U^(r) .may be expanded around r  % r^  by TaylorLs 
theorem  to yield
(3.7.34) - r / }  .
t t j ( r )  s   ^ 0{(r* ï„)}  .n'
13i ..
From  (3. 7. 20) it  is  seen that the neglected te m is  in {3.7. 23) a re  ox 
Zo rd er q . Then using relations (3. 7 .4) and (3, 7.15) it is  possible to 
express U^(r^), and U^(r^) entirely  in p aram ete rs  a t the
point K , that is
3 t  2
n n n
t
(3 .7 .24) = I  j2 B  ' " ^n  n n
g t 2 M f )
" , ' V  « . ( V  •n n n
in which >L(r )^ , X* (r^) and ) a re  determ ined from  (3. 7. 3) and
(3.1 .10).
Using relations (3. 7. 24) and (3. 7. 23) and substituting for r  and s 
in te rm s of q from  (3. 7.20), we obtain a fte r some algebra,
U(r. S) = Ü ^ ( y  [1 -  { ( l l-« )^ + q + 0(q^)] ,
o' n^ o ' n
which when m ultiplied by (3. 7. 22) then gives relation (3. 7.17) as a function 
"f the param eter q , that is
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3 Z^(l4(%^)t^ [1 - ^
dt ? —%— r-vk—B.—  r,| ,f. 2Aq 4 0(q )]
2*n - 2 % - ^  K '  'n>
where
■ t i r  - * | ,  . 4 . . ' %  , . ,  ■ w  “ “ *’ - t g d " " ' "  ■z  n ü n  ^ n n
The required representation fo r t  on the bore path as a function of q is 
then obtained by integrating the above differential relation, thus
3 2*rt (i+df.)
(3 ,7 . 26) t(q) - t^ =............................. ...... ........— [q 4 Aq^ 4 O(q^)] .
2 ’^ n‘ i ® n ‘ ^ < V y
This solution is valid fo r the in itia l stages of decay of a bore of any in itial
strength. The corresponding solution fo r x can now be obtained by using
• . .  . •the relation dx -  g dt, in  which g and t  a re  known functions of q given 
by the relations (3. T. 20) and (3. ?. 26) respectively. Thesé two expansions 
then provide a param etric  representation  of the path of the bore in the 
physical plane.
To obtain the solution for x and t  ^ a t a p articu la r point in the 
region behind the bore locus, in te rm s of the ’ co-ordinates* of that point 
we procs&ed as follows. Each point in this region is  the in tersection  of an
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r-charac tÇ ïis tic  and an s~characteristic . A general point K then lies 
at the in tersection  of two curves characterised  by the values r  of r  
and s , of s , say. That is  the * point* co-ordinates of K a re  r .  , s. .c|) ■ ■ O (p
It is  im portant to note that 9 # unless the point K. lie s  on the path of 
the bore and we then have the relation F{r^ , Sq) « 0 . The flow-fields in 
the physical and ch a rac te ris tic  planes a rc  as shown in F igures 19 and 30 
respectively. The solution fo r any point K(r^ » s^) in the in te rio r domain 
YNZZ. can then be derived from  equation (3. 7.16). There a re  two 
methods by which the solution may be determ ined. F ir s t  by integrating
the r-ch a rac te r is tic  on which r  r^ , that is d r 0 , and secondly
by integrating along the a -ch a rac te ris tic , a -  s on which ds = 0, We 
choose the la tte r  method fo r the following reason. Suppose that the 
r-ch a rac te r is tic  r  ^ r^ cuts the path of the bore a t the point X as shown 
in F igure 19» and that the s -ch a rac te ris tic  cuts the path of the bore at 
the point P. Then the * point* co-ordinates of X  and P  a r e ( r ^ , s ^ )  
and (r,^, s. ) respectively. Suppose fu rther that the solution fo r t  on 
the bore , (3. 7.25), is  valid fo r s < s . If we integrate along the 
characte ris tic  r  r  then we sliall require the value of t  a t the point 
X (r^ , 8 ). But the value of t  at th is point w ill be outside of the range 
of the solution (3. 7. 25). Accordingly, we shall in tegrate (3. 7.16) along 
the s-ch a rac te ris tic , s « s, and in th is way ensure that the value of t 
on the bore locus is  within thé approximation (3 .7 . 25). The lim its of
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of r  a re  t,. < r  < r , , where r , is related  to s, through8 —' — qî q> <p ^
P(r , s ) K 0 , thus from  (3 .7 .16),(p (|)
3
r  48 Z
(3 .7 .26) d t( r .s  ) b ( - ~ - ^ )  U ( r . a , ) d t  .cp r  T S ^  q)
To the o rd er of approxim ation used here , we have
( i )  U ( r » Y  « U j r ) t U ^ ( r ) .  ,
in which U^(r) and U^(r) a re  known functions of r  given by (3,7.4)  
and (3* 7.16) respectively.
1  1r. i 'S 2 r  4s  2  ^ s *8 _'TTT' " 'fr f>  •* n n ^
The la tte r  substitution is  necessary  as the eventual solution for
2* 8, ) will then be significant to te rm s of o rder (s, - s ) .8 4? é n
Qn substituting thé above relations into (3. 7. .26) and perform ing the 
integration, we obtain
r  1
r *  r  3 u  (r)
( 3 . 7 . 2 7 ) t ( r ^ , s ^ ) B t ( . ^ , B ^ ) .  f  ( ^ )   ^ * 1
I n  n
as the required solution.
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F or any gxyen incident simple wave the above equation may be 
integrated explicitly. The solution fo r t ( r , ,  s , ) is  given by (3. 7. 25)
in te rm s of the value of the p aram ete r q a t the point F (r , ♦ s ).9 9
A lternatively we may substitute fo r q a t th is point in te rm s of r , and e 
from  the relations (3. 7» 19). In fact, from  the definition of q , we have
= i i V V ' V V  '
and relation (3 .7 . 27) is  then expressed  entirely  in te rm s of the point 
co-ordinates r^  ^ and and is  valid up to and including te rm s of o rder
/
The higher o rd er te rm s in the above solutions, that, is  (3. 7. 25) and 
(3. 7. 27), can be obtained by a procedure sim ila r to that illustrated  above 
although the algebraic details w ill become m ore cum bersom e. It m ight 
be noted, however, that these effects would be m inim ised if the method 
w ere modified for num erical computation.
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C H A P T E R  IV
h -  G E N E R A L  IN T R O D U C T IO N  T O  C H A P T E R S  IV , V .
In th e  fo llo w in g  c h a p t e r s ,  th e  p r o b le m s  o f  th e  fo r m a t io n  an d  d e c a y  
o f  sh o c k  w a v e s  a r e  c o n s id e r e d .  T h e  m a th e m a t ic a l  fo r m u la t io n  o f  t h e s e  
p r o b le m s  i s  a s  d e ta i le d  in  C h a p te r  XI. T h e  f lo w  in  th e  r e g io n  b e h in d  th e  
m o d if ie d  s h o c k  lo c u s  i s  n o n - i s  e n tr o p ie  an d  th e r e fo r e  th e  f u l l  s y s t e m  o f  
e q u a t io n s  ( 1 .1 .  8 ) m u s t  b e  u s e d . In th e  p r e s e n t  c h a p te r , a n  a p p r o x im a te  
so lu t io n  to  th e  p r o b le m  o f  th e  d e c a y  o f  a  sh o c k  w a v e  b y  a p o in t - c e n tr e d  
s im p le  r a r e fa c t io n  w a v e  i s  p r e s e n te d .  T h is  so lu t io n  i s  b a s e d  on  
p e r tu r b a t io n  th e o r y .  S u ch  an  a p p r o a c h  i s  n o t  n e w . In g e n e r a l ,  th e  
e q u a tio n s  o f  th e  f lo w - f ie ld  a r e  l in e a r i s e d  ab ou t a  r e g io n  o f  c o n s ta n t  s ta te  
an d  c o n s e q u e n tly  th e  c h a r a c t e r i s t i c s  o f  th e  p e r tu r b e d  s y s t e m  a r e  r e c t i ­
l in e a r  an d  p a r a l le l .  H e r e ,  h o w e v e r ,  th e  e q u a t io n s  a r e  l in e a r is e d  a b o u t  
a  u n ifo r m  sta te*  th e  in c id e n t  s im p le  w a v e . T h is  p r o c e d u r e  w a s  d e v e lo p e d  
b y  G u n d e r se n  [1 9 5 8 ]  w h o  d e te r m in e d  th e  s o lu t io n  o f  th e  f i r s t  o r d e r  
p e r tu r b a t io n  q u a n t it ie s  in  t e r m s  o f  a r b itr a r y  fu n c t io n s  o f  th e  c h a r a c t e r i s t ic  
v a r ia b le s .  T h e  s o lu t io n  h a s  b e e n  u t i l i s e d  b y  G u n d e r se n  f o r  th e  p r o b le m  
o f  th e  d e c a y  o f  a  sh o c k  w a v e  in  w h ic h  th e  p is to n  i s  g iv e n  a  e m a il  p r e s c r ib e d  
p e r tu r b a t io n  an d  i t  i s  r e q u ir e d  to  d e te r m in e  th e  c o n s e q u e n t  v a r ia t io n  in  
th e  p a th  o f  th e  sh o c k  w a v e . T h e  s o lu t io n  fo r  th e  f i r s t  o r d e r  p e r tu r b a t io n
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q u a n t it ie s  in  t e r m s  o f  a r b itr a r y  fu n c t io n s  i s  u s e d  h e r e  to  d e r iv e  a  
r e la t io n s h ip  o n  th e  sh o c k  lo c u s .  F r o m  th is  r e la t io n s h ip ,  a  s e c o n d  o r d e r  
o r d in a r y  d if f e r e n t ia l  e q u a t io n  f o r  a fu n c tio n  ( ( /  ) , a s s u m e d  to  b e  s m a l l ,  
m a y  b e  d e r iv e d  w h e n  th e  b o u n d a ry  c o n d it io n s  f o r  th e  f lo w  q u a n t it ie s  on  
th e  sh o c k  lo c u s  a r e  a p p lie d . T h e  s o lu t io n  o f  t h is  e q u a tio n  w ith  th e  
a p p r o p r ia te  in i t ia l  c o n d it io n s  f o r   ^ ( X) th en  d e t e r m in e s  c o m p le te ly  
th a t p a r t  o f  th e  f lo w - f ie ld  b ou n d ed  b y  th e  r e f le c t io n  o f  th e  s im p le  w a v e  
fr o m  th e  s h o c k  lo c u s  an d  th e  r e f le c t io n  o f  th e  b a c k w a r d -p r o p a g a te d  
p r e s s u r e  w a v e  fr o m  th e  p is to n  p a th . A  fe a tu r e  o f  th e  s o lu t io n  i s  th a t th e  
in i t ia l  r a te  o f  c h a n g e  o f  v e lo c i t y  o f  th e  s h o c k  w a v e  m a y  b e  d e te r m in e d .  
T h is  r e s u l t  i s  u s e d  in  C h a p te r  V I a s  a  s ta n d a r d  b y  w h ic h  to  a s s e s s  th e  
r e la t iv e  v a lu e s  o f  th e  c o r r e s p o n d in g  s o lu t io n s  d e v e lo p e d  fr o m  c e r t a in  
o th e r  a p p r o x im a te  t h e o r ie s .
In § 7 , a n  e x a c t  r e la t io n s h ip  i s  d e r iv e d  w h ic h  in v o lv e s  th e  f lo w  
q u a n t it ie s  in  th e  r e g io n  * j u s t  behind* th e  s h o c k  w a v e . E s s e n t ia l ly ,  
th is  r e la t io n s h ip  r e l a t e s  d ir e c t io n a l  d e r iv a tu r e s  a lo n g  th e  sh o c k  lo c u s  
an d  a lo n g  th e  G c h a r a c t e r i s t i c s  an d  i t  m a y  b e  w r it t e n  in  tw o f o r m s .  
F r o m  t h e s e  f o r m s ,  c e r t a in  a p p r o x im a te  r e la t io n s  a r e  d e r iv e d  w h ic h  
a r e  a s s o c ia t e d  w ith  th e  a p p r o x im a te  t h e o r ie s  o f  F r i e d r ic h s  (1 9 4 8 ) ,  
P il lo w  (1949)»  W hitham  (1 9 6 8 )  and  R o s c is z e w s k i  ( I 9 6 0 ) .  T h e  d e r iv a t io n  
an d  d is c u s s io n  o f  t h o s e  a p p r o x im a te  r e la t io n s  c o n s t itu te  th e  m a t e r ia l  
o f  C h a p te r  V .
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§ 2 . S T A T E M E N T  O F  T H E  PROBLEM A N D  TH E SO L U T IO N  IN T E R M S  
O F  A R B IT R A R Y  F U N C T IO N S  O F  T H E  P E R T U R B A T IO N  O F  A  
P O IN T -C E N T R E D  S IM P L E  W AVE
If th e  p is to n  i s  p u sh e d  w ith  u n ifo r m  v e lo c i t y  u^ in to  th e  s ta g n a n t
f lu id , b e g in n in g  fr o m  th e  p o in t  x  = x  , t  -  t  w h e r e  x  c=u.t  th ena  a  a  l a
th e  e q u a tio n  o f  th e  c o n s e q u e n t  c o n s ta n t  s tr e n g th  s h o c k  w a v e  i s
% -  X -  # (N ) ( t - t  ) ,S’
w h e r e  |( N )  i s  th e  c o n s ta n t  v e lo c i t y  o f  th e  s h o c k  fr o n t  and  i s  r e la te d  to  
u^ a n d  th e  v e lo c i t y  o f  so u n d  in  th e  s ta g n a t io n  r e g io n  a h e a d  o f  th e  w a v e  
fr o n t ,  c^ , th ro u g h  th e  R a n k in e -H u g o n io t  r e la t io n s  ( 1 , 3 . 5 ).
If th e  p is to n  i s  s to p p e d  im p u ls iv e ly  a t  th e  o r ig in  o f  th e  c o -o r d in a te
s y s t e m ,  a p o in t - c e n tr e d  r a r e fa c t io n  w a v e  i s  g e n e r a te d  a t O w h ic h  f i r s t
in t e r a c t s  w ith  th e  s h o c k  fr o n t  a t  th e  p o in t  N , w h e r e  x  -  x  and  t  -  t  .n  n
T h e  s itu a t io n  in  th e  p h y s ic a l  p la n e  i s  th en  a s  i l lu s t r a t e d  in  F ig u r e  8 .
S u f f ic e s  * sw* an d  *1* a r e  u s e d  to  d e n o te  f lo w  q u a n t it ie s  in  th e  
s im p le  w a v e  r e g io n  C N F  and  in  th e  u n ifo r m  r e g io n  C A N  b eh in d  th e  
c o n s ta n t  s tr e n g th  s h o c k  r e s p e c t iv e ly .  T he R iem a n n  in v a r ia n ts  a r e  s p e c if ie d  
b y  a  and  p an d  a r e  a s  d e f in e d  b y  ( 1 . 1* 9 ).
F r o m  th e  s im p le  w a v e  r e la t io n s h ip s  a s  g iv e n  in  C h a p te r  11, w e  h a v e  
th e  fo llo w in g  r e s u l t s .
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XU C = Ts w  s w  X
u  G usw  sw  _ 1 , 1
2 y-1 I 1 2 ‘ y-1
T h u s ,
(4 .2 ,1 ) «sw = 7 r i  t f  =
•y -l .  X ,,c  » —r L T 1- 2 [;). jsw  y-i-i t  1
j  2 r X , 3 - y  ,and  a  = % 4 —r-*" p j *sw  v 4 l  *“ t  2 1 ■
T h e  p r o b le m  i s  to  d e te r m in e  th e  lo c u s  o f  th e  sh o c k  fr o n t  HS a f t e r  
in te r a c t io n  w ith  th e  s im p le  w a v e  an d  th e  f lo w  in  th e  r e g io n  b e h in d  th e  
m o d if ie d  sh o c k  front* F o r  la t e r  c o n v e n ie n c e  w e  n o te  th a t in  F ig u r e  8 ,
N T  i s  th e  l in e a r  c o n tin u a tio n  o f  th e  u n d is tu r b e d  sh o c k  p a th  A N .
T h e s o lu t io n  in  th e  r e g io n  F N S  w i l l  b e  found  on  th e  b a s i s  o f  a 
f i r s t  o r d e r  p e r tu r b a t io n  o f  th e  in c id e n t  s im p le  w a v e . T h is  r e g io n  i s  
p a r t io n e d  b y  th e  p a r t ic le  p a th  N E  th ro u g h  th e  in it ia l  p o in t  o f  m o d if ic a t io n  
o f  th e  sh o c k  front* S in c e  th e  e n tr o p y  r e m a in s  c o n s ta n t  o n  th e  p a r t ic le  
p a th s  it  f o l lo w s  tlia t th e  e n tr o p y  v a r ia t io n s  a r e  c o n fin e d  to  th e  r e g io n  
HNS. W e h a v e  t h e r e f o r e  th e  fo llo w in g  s i x  r e g io n s :
( i)  C A N  , a  r e g io n  o f  u n ifo r m  f lo w  in  w h ic h  u  = u^ and  c  = c^
( i i )  C N F  , a  p o in t - c e n t r e d  s im p le  w a v e  d o m a in  w ith  u  an d  c 
g iv e n  b y  ( 4 . 3 , 1 ) .
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( i i i )  O F B  , a  r e g io n  o f  u n ifo r m  f lo w  in  w h ic h  u = u  , c -  c  w ith  
th e  R ie m a n n  in v a r ia n t  g iv e n  b y  =* p .
( iv )  F N E  , a  r e g io n  c o n s is t in g  o f  a  s im p le  w a v e  p lu s  an  i s e n tr o p ic  
p e r tu r b a t io n ,
(v ) F N S  , a  r e g io n  c o n s is t in g  o f  a s im p le  w a v e  p lu s  a n o n - is e n t r o p ic  
p e r tu r b a t io n .
(v i)  B F G  , a  r e g io n  o f  u n ifo r m  s ta te  p lu s  a n  i s e n t r o p ic  p e r tu r b a t io n .
T h e f e a t u r e s  o f  th e  a b o v e  r e g io n s  h a v e  b e e n  d e s c r ib e d  in  §1 C h a p te r  I.
T h e b o u n d a r ie s  N E  an d  N S a r e  f lo a t in g  b u t on  th e  b a s i s  o f  a f i r s t  o r d e r  
th e o r y  w e  m a y  r e p la c e  th e m  b y  t h e ir  u n p e r tu r b e d  p o s it io n s  f o r  th e  p u r p o s e s  
o f a p p ly in g  b o u n d a ry  c o n d it io n s .
W e n ow  w r it e  dow n  th e  g o v e r n in g  e q u a t io n s  and  fo r m u la te  th e  b o u n d a ry  
v a lu e  p r o b le m . T h e  H a w  in  th e  r e g io n  b eh in d  th e  m o d if ie d  s h o c k  i s  
l in e a r is e d  b y  a s s u m in g  th a t  i t  c a n  b e  r e p r e s e n te d  a s  a  f i r s t  o r d e r  
p e r tu r b a t io n  o f  th e  in c id e n t  s im p le  w a v e . T h is  i s  a  r e a s o n a b le  a p p r o x im a ­
t io n  to  m a k e  p r o v id e d  th a t w e  r e a l i s e  th a t  th e  ra n g e  o f  a p p lic a b i l ity  o f th e  
r e s u lt in g  s o lu t io n  w i l l  b e  d e te r m in e d  b y  th e  in i t ia l  s tr e n g th  o f  th e  s h o c k  
w a v e . W ith  t h is  a s s u m p t io n  th e n , w e  m a y  w r it e
u  = U 4 u* , c  = C 4 c * ,  Û' ~ O' 4 a'*, 6 = 6 4  6* , S = S . 8 #sw  sw  sw  ' sw  1 .
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w h e r e  i s  th e  c o n s ta n t  v a lu e  o f  th e  e n tr o p y  in  th e  in c id e n t  s im p le  
w a v e  d o m a in  and a d a sh e d  s y m b o l d e n o te s  a  p e r tu r b a t io n  q u a n tity .
On su b s t itu t in g  fo r  u   ^ c  , , (3 and S in  th e  e q u a t io n s  o f  o n e ­
d im e n s io n a l,  u n s te a d y  f lo w  ( 1 , 4 , 4 0 )  f r o m  th e  a b o v e  an d  r e ta in in g  
o n ly  t e r m s  o f  th e  f i r s t  o r d e r  in  th e  p e r tu r b a t io n  q u a n t it ie s  w e  o b ta in ,  
a f t e r  so m e  a lg e b r a , th e  fo llo w in g  e q u a t io n s  w h ic h  g o v e r n  th e  b e h a v io u r  
o f  th e  p e r tu r b e d  s y s t e m .
1 ^( 4 . 2 . 2 )  CVÎ 4- (u  -i-c )ca\ ‘t - r t iy i* ! )» ’ - (4 -y )B M  a' 31t sw 8w' 3K 3  ^ t ' 3W,X Ey(y*-4)c^ x
Z
(4 .2 .3 ) P! ^ + f £<3- y)«’ -(ra )p ' XV
(4 . 2. 4 ) S,* 4- u  Slj t  sw  X
w h e r e  a  c o m m a  d e n o te s  p a r t ia l  d if fe r e n t ia t io n  w ith  r e s p e c t  to  th e  v a r i a b l e  
w r it te n  a s  a  s u ff ix .
T h e a b o v e  s y s t e m  o f  e q u a t io n s  i s  l in e a r  and h a s  th r e e  d is t in c t  
f a m i l i e s  o f  f ix e d  c h a r a c t e r i s t i c s ,  n a m e ly  th e  & , p c h a r a c t e r i s t i c s  and  
th e  p a r t ic l e  p a th s  o f  th e  u n p e r tu r b e d  in c id e n t  s im p le  w a v e . In p a r t lc u la r ,  
e q u a tio n  (4 . 2 , 4 ) e x p r e s s e s  th e  fa c t  th a t th e  e n tr o p y  v a r ia t io n s  a r e  c o n s ta n t  
on  th e  p a r t ic le  p a th s  o f  th e  u n p e r tu r b e d  m o t io n , g iv e n  b y
d x—  K u d t sw
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On su b s t itu t in g  f o r  u a s  a  fu n c t io n  o f  x  and  t  fr o m  (4 ,2 ,1) and th en  
in te g r a t in g  th e  r e s u lt in g  e q u a tio n , i t  i s  e v id e n t  th a t  th e  fu n c tio n
-r 2 p ) t^^^ SÎ c o n s ta n t  ,
o n  th e  p a r t ic le  p a th s .
T h u s w e  m a y  c h o o s e  th e  p a r t ic l e  p a th s  o f  th e  s y s t e m  to  b e  th e  c u r v e s  
y  =3 c o n s ta n t ,  w h e r e
(4.2.5> y = •
T h e s o lu t io n  o f  (4 , 2 . 4 ) m a y  th e r e f o r e  b e  w r it t e n  in  t e r m s  o f  an  a r b it r a r y  
fu n c tio n  a s
(4 , 2, 6 )  S* ÎS S» ( y )  .
s .On e x a m in in g  th e  q u a n tity  sw  x  on  th e  r ig h t  h and  s id e  o f  (4 . 2 . 2)
2y(y*i)c
“ sw'yan d  (4 . 2 . 3 ), i t  i s  s e e n  th a t i t  m a y  b e  w r it t e n  a s  w h e n  th e
su b s t itu t io n  fo r  y ,  ^  i s  m a d e  f r o m  (4* 2 , 5 ).
If th e  e n tr o p y  v a r ia t io n s  a r e  th e n  d e f in e d  in  t e r m s  o f  a  n e w  a r b it r a r y  
fu n c tio n  w (y ) , w h e r e
d w (y) y  S» (y )
(4 , 2 , 7) Xdy 2 y ( Y i - 4 ) c ^
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it ia then evident that
This new definition of the a rb itra ry  function characterising  the entropy 
variations will prove to be convenient when the equations (4. 2. Z) and 
(4. 2. 3) a re  integrated. It should be noted that (4. Z. 7) fixes the definition 
of w(y) ap a rt from  a constant of integration. However, as  w ill be shown 
la te r , th is constant can be regarded as  zero.
We require also another function Z(x,t) which is  constant on the 
p -ch arac te ris tic s  of tlie unperturbed flow. In the same m anner as  given 
above* it may be readily verified  that an appropriate form  fo r Z (x,t) is
V+i y -1
(4. 2. 9> Z(x. t) = { -  4 2 |3^f .
where p denotes the density.
"We note the relation
•y*!
(4 .2 .10) ^sw y
y
The value of y on HE and Z on KF in Figure 8 w ill be denoted by 
y^ and Z respectively.
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Since the incident simple wave is  forward-*facing, the Riemann
invariant G. is  constant and also , a is  given as a function of x 1 sw
and t by (4, 2.1). On substituting for 6 .,  a and S| as determ ined / ' ' ' ^ ' 1 sw X
above, the system  of equations (4. 2. 2 « 4. Z* 4) reduces to
(4< 2. l l )  t£v! 4 4 (o* -  p* ) % 2c ÈiïpÛt  X y kl ^  sw dy
(4. 2. 12) t|BJ 4 X ** 4 “^ y^y p.t)pj = • 2ct  -y-M yi-l ^1 * X sw dy
The solution for the isentropic region FHB will correspond to the 
compXementary function of the above system  whilst fo r the non-isentropic 
région EHS the p articu la r in tegral w ill have to be added. If H is an 
a rb itra ry  differentiable function, the com plem entary function of (4. 2.12) 
can be w ritten as
( 4 . 2 . 1 3 )  p' = Z Z ‘ dZ
The corresponding solution fo r a* is  easily  obtained from  (4. 2.11) and is
(4 .2 .14) 3-*y 1 Xsf* -  '’yy 2 H(2) 4- y  OM  »y-M t  t
where G(*^ ) is  an a rb itra ry  function.
The particu la r in tegra ls of (4. 2.12) and (4, 2.11) a re
(4*2*13) p* # X ti— w(y) = ay-1 y
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The explicit derivation of the above solutions is  given in §A Appendix II.
The solution of equations (4. 2.11), (4. 2.12) fo r the isentropic and 
non-isentropic regions in te rm s of a rb itra ry  functions is  then as follows.
(4. 2.16) Region FNE . a ’ = t  G(^) ,
P * *2Z
y+1 t  t1 z *
2 dH(Z)
dZ
,  K (Z) c
(4 .2 .17) Region ENS . «• = S  ... i ) .j. w(y) ,
Z^
* dK (Z) . .  c
where K^(Z) and F{^) a re  a rb itra ry  functions and a re  assum ed fo r the 
moment to be distinct from  H(Z) and respectively.
.From the above resu lt fo r the non-isentropic region we deduce 
im m ediately that the entropy varia tions affect c* (x, t) but not u* (x, t) .
The function w(y) is  determ ined in te rm s of the entropy S* from  
(4. 2. 7) and we may w rite
(4, 2. 18) w(y) ^ W(y) 4 X ,
where
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W(y)
^ u B\ In)
2 y ( y 4 l ) c
and X is  a constant of integration.
The m athem atics of the problem  will be sim plified if it is  possible
to choose X. such that w(y ) is  zero. That this can be done is shown inn
the following m anner. We substitute fo r w(y) from  (4. 2.18) into the 
relations (4. 2.17) and obtain
(4. 2.19) oi' = - ^  I- ■“  >• 'W(y) ,
Z ^
•t dK (Z) . c cp. = 2^2  %±1 ^ ^  _dZ y-1 y y-1 y
c
However, from  (4. 2.10) it is  seen that the quotient is  en tirely  a
function of Z. Consequently if a new arb itra ry  function K(Z) is  defined 
by
K(Z) = K^(Z) + ^  Z '
then relations (4. 2.19) reduce to
(4. 2 20) a> ~  W(y) -1-“ F(^) ,V y
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p, « a y j  2 m .  -,dZ y-1 y
The te rm  involving K in (4. E. 19) may therefore be absorbed into an 
a rb itra ry  function K(Z) which is  equivalent to regarding X as  zero. 
Consequently from  (4. 2.18) we have w(y) = W(y) with w(y ) s; 0 . The 
solution fo r the perturbation quantities and p * in the isentropic and 
non-isentropic regions is  then given in te rm s of a rb itra ry  functions by 
(4.3* 16) and (4. 2. 20) respectively*
§3. THE BOUNDARY CONDITIONS FOR THE DECAY OF A SHOCK 
IN TERMS OF A PERTURBATION FUNCTION « ( r )
The boundary conditions to be satisfied by the general solution
quoted above when applied to the decay of a shock wave w ill now be
form ulated. If the equation of the shock wave is  w ritten as
(4. 3.1) X - « I (K) (t-t^) t  # (t)
then « (t) rep resen ts  the deviation of the actual path of the shock wave 
N8 from  the straight line path NT. It is  convenient to introduce the 
p aram eter T  as  the value of t  on the undisturbed path NT . Then if 
s  7^  at the in itial point of modification of the shock, we have
(4 .3 ,2 ) € i r j  s 0 ^ « ( r  )
and
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X * % + t  ) on NT #n ir
where « (r)  denotes the ra te  of change of « { r )  with respect to r .
ta  the following w ork wo  shall neglect squares and higher powers of 
é ( r ) . The approximation thus introduced lim its the discussion to the two 
cases:
(i) If the strength of the shock is  initially sufficiently weak then the 
resulting solution for the path of the shock will provide a good approxim a­
tion for the whole history  of the shock*
(ii) F o r  shocks of g rea te r  in itial strength the assum ption that $ (t ) 
is  sm all w ill he valid only for the in itial stages of the p rocess of decay of 
the shock wave and consequently the solution is  re s tr ic ted  to such in tervals 
of the shock path.
We consider the values of a and p ju s t behind the perturbed 
shock locus. It is  c lea r that they may be expressed  in te rm s of 
and « (y). in fact, to the o rd er considered h ere , we have
where the suffix • s ' denotes conditions on the back of the shock. The
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quantities ) and a re  known constants determ ined from  the
 ^ n ■ n
Rankine-Hugoniot shock relations (1. 3. 5) in which is  taken as zero, 
In addition , p. a re  them selves related  to the in itial speed of the 
shock g(H) and c^ •
The values of a* and p* a t the shock a re  therefore given by
since p « P . .sw d
From  relation (4* 2. d) a  is  determ ined as a function of x and t.sw
The value of a taken on the straigh t line path NT is  thus obtained 
by substituting fo r x and t  in te rm s of T  from  (4. 3* 2). A fter some 
manipulation# we then obtain
(4,3.3)  =“ ê(N)) (1 - ‘^ )  « M7) I say
B
where the substitution x (u .f  c^ )t has been made.n 1 1 n
If the constants a re  denoted by T^ # respectively
tlien the above relations fo r a ' and may be w ritten as
(4 .3 .4 ) o ' * X(r) f  h { r )  ,
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Finally, from  the Eankine^Hugoniot shock relations, the entropy 
variations on tlie shock path a re  given to the o rd er considered h ere , by
(4.3.5)  8  ^ » ,
dSwhere 1' -  (*^) and is  therefore a known constant. The constants3 d |^
T. , T_ and T« a re  given explicitly as functions of the in itial velocity* w à
of the shock |  {H) and c in §B Appendix II.
Relations (4. 3.4) and (4, 3. 6) provide the boundary conditions fo r 
G?', (3* and $* on the shock path, which by the norm al p ractice of 
linearised  theory may be regarded to hold on the undisturbed shock locus NT.
The rem aining bom dary conditions a re  specified by requirem ents 
of continuity»* along the ch a rac te ris tic  N.F which c a rr ie s  the front of the 
disturbance reflected back from  the shock. They a re
(4 .3 .6 ) a ' « 0 ;* when Z ts % .
It should be noted that the conditions (4* 3.4) and (4. 3. 6) over specify the 
boundary value problem . We require only one condition on a/* on a non- 
characte ris tic  line of equation (4. 3. i f )  and one condition for p' on a non- 
characte ris tic  line of (4* Z* 12). We therefore expect to obtain a relationship 
on the shock locus involving , p* and B '. It is  from  th is relationship 
that the perturbation function « (T) can be found explicitly.
- 151 -
§4, THE DETERMINATION OF THE FUNCTION « ( r )
When the boundary condition (4. 3. 6) is  invoked in the solution 
(4. E. 16) fo r Of*, then on Z =
_ H(Z ) .
% z = z2 n n
n
and consequently
(i) G{^) E 0 .
(11) H { Z J  = 0 .
From  the corresponding solution fo r p ' , we have also ["^r;—']  = 0 .
Zn
Thus throughout the isentropic region FNF a* and p* a re  entirely  
functions of Z and a re  related  by m eans of the equation
(4 .4 .1 ) 2Z ' 4 Gf* » pdZ yl-l
It is  c lea r that the solutions fo r g?* and p* in the non-isentropic region
ENS m ust satisfy the above relationship along the curve NE , tîiat is 
dft'y a y # where is  now in te rp reted  as differentiation with respect to
Z along NE . Thus from  (4* 2. 20) we have on NE the condition
1
t t . 4 . a  { i r f l J  ,
n
= K '(Z ) + ^  w(y^) .
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From  relations (4. 2.10) and (4 .2 .18) we have (c ) as a functionsw
of y^ and Z and w(y^) “ 0 , respectively. Using those conditions in 
the above relation it is  evident that (4 .4 . 2) reduces to
and consequently F(~) '= 0 .
It has been shown that the perturbed partic le  velocity u* » - p*
is unaffected by the variations In entropy, that is  u' is  constant on the 
C ch arac te ris tic s  given by Z = constant. Hence from  equations (4. 2.16) 
and (4. 2. 20) with F(^) « 0 we have the following relation between the 
functions H(Z) and K(Z) which is  valid fo r a ll Z ,
1 1 3-v K(Z) ^„2dK (Z ) 3-v H(Z) dH(Z)^  “ T  " d T "  —  -  2z
z "
which then yields on integrating with respect to Z
K(Z) - H(Z) =
where A is  a constant of integration.
However, H(Z^) = 0 and it  is  seen that K(Z^) « 0 when the boundary 
condition (4. 3. 6) is  applied fo r a* in equation (4. 2. 20) with F(^) 5 0 .
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The constant of integration A  therefore  is  sero  and consequently we 
may identify the functions K(Z) and H(E) *
Thus the solutions for o ' and p ' in the isentropic and non-isentropic 
regions become
(4. 4. 3) Region FNE a
"  ,
p, .  22» a m
c
(4. 4. 4)* a. ' Region EN8 t  ^  My)' ® y f l £  y - i y '
1 ^
p, ,  2 % ^ ^  4. w(y)dZ y-1 y
It may now be seen that the perturbed values of p ressu re  and density in the 
isentropic and non-isentropic regions a re  not in general equal. The 
variations in entropy in the non-isentropic region contribute to the values 
of the p ressu re  and density. However» on the curve y =y^ » the 
variation in entropy is  asero which im plies that the p ressu re  and density 
a re  continuous ac ro ss  the partic le  path NE * Physically this m eans that 
the flow is  continuous and also  that the curve y » y^ is  not a contact 
discontinuity*
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We now determ ine the perturbation function « ( / )  . The solution 
in the region ENS m ust satisfy the boundary conditions (4. 3. 4) on 
£V* and p* along the unperturbed shock path NT . M oreover, on th is 
line the entropy S* which is  related  to \v(y) by (4. 2.18) m ust satisfy 
the condition (4, 3, 5).
The solution for cf* and p' , (4. 4* 4) a . ,  is  valid for a ll points 
of the non-isentropic domain of perturbation. In particu lar, it is  valid 
on the boundary given by the back of the shock path on which
The variab les Z and y when taken on the shock path may be expressed
entirely  as functions of T  and from  (4. 4 .4)a. we then obtain
K(Z ) c, _ 3-v s ' , yM , sw* , *
s Ytl 1 y - l  y ^ sV  ^ 8z ^s
(4.4* 4) b» j
^  dR(Z ) . 0
*>'. ■ ^  < V >  ” >>■.> ■S ’ ■ B
If the function K(Z^) is  now elim inated from  the above relations by 
differentiating with respect to T % then ,after some algebra, we obtain
v h i . S w ,  . 1 _  3-v _  , „) “ dT f'] + 2 - T T "  ° •
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The fimction is  re la ted  to S * by equating (4. ?.. 18) with the constant
of integration X = 0 . On stibstituting for w(y ) in te rm s of S* in thes s
above relationship, the following equation relating , p j  and is  
derived,
dor* dS* d log 2
(4.4.  5) - 2 d #  ] + 2 —I T ^  t“ à - ° •
However, (%' , p ' and S* a re  known in te rm s of the function X( y)S 8 S
and the « ( r )  from  relations (4* 3. 4) and (4. 3.15). Substitution of the 
above quantities in (4* 4. 5) then yields the linear equation
where,
(4 .4 .6)b. (c ) c - \(T )sw % K*s
and
i  ~Tr~  “  ?  + i o H )  M r )  •
Thus we have a second o rder linear differential equation for « (y) with 
rational functions of -r a s  coefficients. The equation is  to be solved for 
values of T  with the in itia l conditions (4. 3. 2), that is
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€ { T  ) = 0 « « ( r ) *  A lternatively, the equation may be regarded as n n
a f irs t  o rd er linear equation for € (7") from  which  ^ (7") may be found 
by a single quadrature. The details of the solution a re  given in §C 
Appendix II, and here we m erely  quote the resu lt for t  ( 7-)
.M  .  i r - r ,  iW lZ a : ! ! ) ' '  ( \ j X -  - Z L ,n \ T'-l b . I \ 7“- b I /  ^1+wgU 1+w u 11 w u1 / 5  J  *  Z 3
0
(1+w.u) dw ,1. z
where a , , a, ; b. , b„ 5 , r„ î w , w_ , w_ a re  constants,1 Ù i  4 1 2 1 2 o
detailed in ÿC Appendix II. This solution may be expressed  as  an 
infinite sum of hypergcom etric functions which is  convergent fo r values 
of <L2 , An im portant physical quantity that can be deduced from
either of equations (4.4* 5) * (4 .4 . 6) is the initial deceleration of the 
shock wave# ♦ At the in itial point of decay of the shock wave,
£v* æ 0 à p* and hence in (4.4* 5), we obtain
-  2 i^ !îF  •n  V n  n
From  the shock relations, a  and B may be expressed  as  functions of
the shock velocity % and (4.4. 8) then determ ines the in itial deceleration
da
of the shock wave. The te rm  ] is  obtained hi te rm s of known^ /  n
quantities as  follows. F rom  relations (4* 2 .1), (4. 3. 2) we have
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2 A "*' 3--Y .
( " « w )  =  I— y   .f - f  P J  •
da swaad hence l ~ ^ l  ~ ■ [u^ + c^ - §(N)] , since
n n
Eqm tion (4.4. 8) may then be w ritten  in the form
which may be expressed  en tire ly  as a function of the p aram eter X 
defined by
c
X = , 0 < X < 1 ,
on using the shock relations. A fter some manipulation, we obtain
(4.4,9) ( # )  L & iîC â HA*f 2. Tt Z 2n (yf i ) a X 1 4 X 'h 2'*^  / (y- i ) 4 2X
Zy -  (y-I)X ^
where is  the distance through which the piston moves before being 
stopped impulsively a t the origin, x is  then negative. The lower bound 
of X corresponds to the case when the shock wave is  infinitely strong and 
the upper bound to a vanishingly weak shock. F rom  (4. 4-9) we observe 
that fo r very  strong shocks, the in itial deceleration of the shock wave 
is proportional to the square of the in itial velocity of the shock wave.
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F urther discussion of th is solution is  reserved  till Chapter VI 
in which a comparison, is  made with the corresponding resu lt from  each 
of several approxim ate theories. F or th is purpose it is  convenient to 
express (4. 4. 9) in a form  involving the tim e t^  ra th e r than the distance 
. These quantities a re  related  by,
+ *=1 * = - (6(N) -
and a f te r  some manipulation, it follows that (4 .4 . 9) in te rm s of t^ is
2v-(-v-l)X“ - AMv^ )  + 2X^
'V t c J.2 , -y /  (y-1) i“
2 y  -  ( -v - l )X
ÿS. THE DETERMINATION OE K(Z) , w(y) AS FUNCTIONS OF k .
The solution to the problem  is  completed by expressing the functions 
K(Z) and w(y) in te rm s of : . On the shock path ,
y g = [Cj - 2 7- Yil .
v+1
s - 1  2-
By inspection, the functions y^(y-) , a re  continuous and monotonie
for /"> Consequently if y(y^) , Z { Z J  denote the inverse functions of
y (?) , Z i j )  respectively , then y(y ) , Z(Z ) a re  single-valued, 1S 8 S S I
continuous and monotonie and on the shock path, we may w rite
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From  relations (4. 2. IB), (4. 3. 5),
V J
u f l M d u  ,da
n
and S’ i r )  = 4 (7 ) .
Consequently the function w(y) is  determ ined in te rm s of «(y) by
T. r
(4. 5.1) w(y) 2*v(vi"i)c
n
The solution fo r K(Z) is  obtained from  relation (4 .4 .4 ) taken on the 
shock path. By subtraction, we obtain
™ ! ! 4  i j b ïdZ
B 2 (y f I ) 8
which, on integrating with respect to 2  , becomes
K(Z^> = ~ Z ^
3-y 
 ^ 2(yM) V"1
(P' - « ' ) d«* S Bzn
However, from  (4. 3.4), (5* and a* a re  determ ined in te rm s of
X(r) and M /)  # and
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p '  -  «* = < T , - T  ) « ( r )  -  ^ ( 7 ) .8 8 ù 1 '
that is , p* - = (T -T  ) « [Z(Z )] - X.[Z(2 .)] .8 8  6  *  S 8
The solution fo r K(Z) is  then given by
,  z
(4 .5 .2 ) K(Z) = 1 [(T^-T^) « {^(i^)} - !^{Z(w )}]du.
Zn
We note that the solutions (4. 5* 1) , (4. S. 2) satisfy respectively the
conditions w(y ) = 0 and K( Z  ) ^ 0 = { as required. The flow
n
in the isentropic and non-isentropic Kones of perturbation a re  then 
determ ined completely from  relatione (4 .4 . 3) and (4.4* 4).
The description of the flow-field is  concluded by determ ining the 
flow in the region BFG of F igure 8. This region is adjacent to one of 
constancy CFB in which and s . The flow in the region
BFG is then e ither uniform o r a sim ple wave and is  determ ined by a 
perturbation procedure sim ila r to that given above except that in this 
case the perturbation is  of the constant state in the region OFB . If 
a* , p ' denote the perturbation of the Riemann invariants a * p as before, 
then a* = a - and p* = p - p and also the region is  isentropic.
The equations determ ining a* and p' a re  then, from  (1 .1 .10), given as
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(4.5.3)  ^ = 0Z'
Thé cîm ractérlstios of the region a re  tîierefore rec tilin ear and paralle l. 
The homogeneous system  (4. 5. 3) adm its of the following general solution 
in te rm s of two a rb itra ry  functions I and •! of one argum ent.
a ' = I [x - (u^ f  c^)t]
P» c; J  Jx - (u^ T c^l
The boundary conditions fo r a* , §♦ a re  given by:
(i) On the line 2  = 2 , which is  a non-characteristic  line of the
above equation fo r a* , a* 0 ,
(ii^ On the bounding ch arac te ris tic  FG ? that is  x A (u^ i- c^)t  , 
p* = 2Z^ & Z )  .
From  the fo rm er condition it is  evident that the a rb itra ry  function, I ,
is  identically scro . The application of the la tte r  condition requ ires some^  2 2manipulation. On FQ , Z « (c^ t ) , Thus we have
The function J  is  therefo re  given by
3-* y■I     I *iii_ I i ^
(4, 5.4) [x-(Ug-.Cg)t]g^-^— { x-iUg-c^Jt} .
It should be noted by the above solution, (4. 5 .4), is  valid only in the region 
bounded by FG and the reflection of FB at the piston path.
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T h e e f f e c t  o f  a p p ly in g  th e  b o u n d a ry  c o n d it io n s  (4 , 3 , 4 ) on  th e  
tm p er tu rb ed  shock lo c u s  NT c a n  b e  briefly  in d ic a te d  in  th e  fo llo w in g  
m a n n e r . T h e c h a n g e  o f  b o u n d a ry  w i l l  a f f e c t  o n ly  th e  t e r m  \ { T }  . On 
th e  u n p e r tu r b e d  s h o c k  lo c u s ,  given b y  (4 , 3 , 1 ) ,  th e  fu n c t io n  /iCT") , 
d e f in e d  b y  (4 , 3 . 3 ) , w i l l  b e  r e p la c e d  b y  A { T )  , w h e r e
( 4 , 5 , 5 )  A . { T )  =* )^(T) 4  '~ f r  ,
T h e v a lu e s  o f  (c  ) an d  -g a s  g iv e n  b y  (4* 4 , 6 )b w i l l  b esw 2 u /s
c o r  r e  sp o n d in g ly  m o d ified *
If th e  b o u n d a ry  c o n d it io n s  (4 . 3 , 4 ) ,  (4 . 3* 5) a r e  now  a p p lie d  w ith  
X(7 ) r e p la c e d  by A { t )  th e n  on n e g le c t in g  s q u a r e s  and h ig h e r  p o w e r s  
o f  € ( 7 ) and I ts  d e r iv a t iv e s ,  w e  o b ta in  th e  e q u a tio n
- j j A ;  V  ■ ' Ï  ’ 2^ ) • •’I
= - A ( 7 Ï  " -g TÿT-—  A (T )  '
j d log
coi’responcJing to (4. 4. 6). Tlie te rm s (c ) j T r:—- on the left® SW 2 d ' /B
h and  s id e  o f  this e q u a tio n  r e m a in  as d e f in e d  b y  ( 4 , 4 .  6)b , b u t the t e r m  
d log 2^
on  th e  r ig h t  hand s id e  now involves < ( y )  in a c c o r d a n c e  
w ith  (4# 5 , 5 ),
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it Is apparent that
A ir j  = xirj  .
and consequently the value o f # w ill be as determ ined by (4 ,4 , 6),
H owever, if  (4, 5. 6) i s  now differentiated to obtain s (7^), then the
#
term s involving A (  r^) are im portant. From  Ç4, S, S), we have
A ( T  )  ^ XlT' ) 1* - ,'  n  n y t i  Tn
In a sim ilar  m anner, the higher derivatives of  ^ (y ) taken at the 
in itia l point of decay of the shock wave w ill be m odified, This p ro cess  
determ ines essen tia lly  the valid  Taylor se r ie s  expansion lo r  the path 
of the shock wave on the b a s is  of a f ir s t  order perturbation procedure. 
¥v*e have adopted the cruder method for the determ ination of the path 
of the shock wave in order to illu stra te  sim ply the nature of the deta ils  
Involved,
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§6. AN EXACT RELATION CONNECTING THE FECW QUANTITIES 
IMMEDIATELY BEHIND THE SHOCK. FRONT.
J£ the incident sim ple wave is  not point-centred, then the equations 
corresponding to (4. 3.11), {4. 3.12) a re , in general, complicated and 
w hilst it is  not im possible it is  difficult to determ ine a solution c o rre s ­
ponding to that presented above. One way in which this difficulty may be 
surpassed is  to investigate the governing equations of the flow-field from  
a slightly m ore general aspect. Erjcact relationships may be derived for 
certa in  flow quantities a t p a rticu la r points of the flow-field. In this 
section, one such relation is  presented  with a view to ascertaining its  
suitability as the starting point for an approxim ate theory for the problem s 
described in Chapter II.
Any point on the shock locus serves as  a junction for the th ree 
ch a rac te ris tic s  through that point. If differentiation with respect to time
"I* P» ^ ^along the C , C , C ch a rac te ris tic s  and the shock locus, dx= g(t)dt , 
is denoted by the operators , D , and respectively, then
a  , a a  , . 9D,. s  g j  (u-îc) ^  ; D_ = ^  I- (u - c )  ^
(4. 6.1)
.Figure 21 illu stra te s  the orientation of the, ch a rac te ris tic s  through a point 
on the shock locus, S. Some care  m ust be taken to distinguish the effective 
portions of the loci. If the operato rs a re  defined in the sense of tim e
-  l 6 5  -
in c r e a s in g  ( d e c r e a s in g )  th e n  th e  n o n -d o t te d  (d o tted ) p o r t io n s  o f  th e  
r e s p e c t iv e  l o c i  a r e  th e  e f f e c t iv e  o n e s .  W e s h a l l  in t e r p r e t  th e  o p e r a to r s  
in  th e  s e n s e  o f  in c r e a s in g  t im e .  T h e  o p e r a to r  D  in te r p r e te d  th u s  r e f e r s
• rto  d if fe r e n t ia t io n  a lo n g  th e  n o n -d o tte d  p o r t io n  o f  th e  C c h a r a c t e r i s t ic  
a c r o s s  th e  sh o c k . B y  t h is ,  w e  m e a n  u s in g  th e  v a lu e s  o n  th e  C c lm r a c t e r i s t ic  
o b ta in e d  b y  s o lv in g  th e  C a u ch y  p r o b le m  fo r  data  g iv e n  on  th e  sh o c k  w h ic h  
i s  a  n o n - c h a r a c t e r i s t i c .  F r o m  (4 . 6 . 1 )  th e  fo llo w in g  id e n t i t ie s  m a y  b e  
d e r iv e d .
(4 . 6 . Z)
D = 0  D ,s  2 c  4 2 c  “
2D  -  Do
U s in g  th e  f o r m e r  r e la t io n  i t  th e n  f o l lo w s  th a t th e  r a te  o f  c h a n g e  o f  a  
a lo n g  th e  s h o c k  i s  r e la t e d  to  th e  r a t e s  o f  ch a n g e  a lo n g  th e  C ‘ , G 
c h a r a c t e r i s t i c s  th ro u g h  th e  id e n t ity
(4. 6. 3) B a H %) .ELEZk D .8 2o i 2c
H o w e v e r , f r o m  th e  g e n e r a l  e q u a t io n s  g o v e r n in g  th e  f lo w , ( 1 . 1 . 1 0 ) ,  w e  h a v e  
th e  fo llo w in g  e q u a tio n s
D  K =  ..... ..............f  2y("Y- l)c^  0 X
1% 08 ,B a a -  t  B u ,2-y(y-l)c^ 0 X  -
w h e r e  in  th e  la t t e r  r e la t io n  u s e  h a s  b e e n  m a d e  o f  th e  d e f in in g  r e la t io n ,  
a  tî p t u .
“ 1 6 6
E ela tlo ja  (4 . 6* 3) m a y  th e n  b #  w r it t e n  a e
On the shock locu s, the a a^te ox change of entropy i s
^  ^  ' a sD  8  a %T t  È w — $B  ^ 0 3£
B u t, f r o m  th e  g e n e r a l  r e la t io n s  ( 1 . 1 , 1 0 ) ,
88 88O « _  +
e v e r y w h e r e  in  th e  f lo w # fie ld *
Conseqnentlys
T h u s in  e q u a tio n  (4# 6 , 4 )  w e  th e n  o b ta in , on  r e a r r a n g in g  th e  t e r m s  s l ig h t ly ,
(4. 6. 3) D a -  D S = jj u ,B Zy(y#i)c 8 2c
T h is  r e s u l t  i s  p e r f e c t ly  g e n e r a l  a n d  i s  v a l id  fo r  an y  p r o b le m  associated 
w ith  s h o c k  w a v e s  of th e  ty p e  d e s c r ib e d  in  C h a p ter  ÏÎ  o r  in d e e d  for an y  c u r v e  
doc -  g (t)d t * I t  r e l a t e s  th e  r a te  o f  ch a n g e  o f  a  an d  6  a t  a  p o in t on th e  
c u r v e  dK  s? | ( t ) d t  in  th e  d ir e c t io n  o f  th e  ta n g e n t to  t lie  c u r v e  a t  th a t point 
to th e  r a te  o f  ch a n g e  o f  u in the d ir e c t io n  o f  th e  C c h a r a c t e r i s t ic  th ro u g h  
th a t p o in t . T h e t e r m  on  th e  l e f t  hand s id e  c a n  b e  r e g a r d e d  as a fu n c tio n  o f
~ 1 6 7  ^
th e  v e lo c i t y  o f  t lie  s h o c k  w a v e ,  |  , b y  s u b s t itu t in g  f o r  A, c and S in  
t e r m s  o f  |  f r o m  th e  E a n k in e -H u g o n io t  sh o c k  r e la t io n s .  H o w e v e r , th e  
t e r m  on th e  r ig h t  hand  s id e  i s ,  in  g e n e r a l ,  unknow n. To determ ine i t ,  
th e  p a r t ic l e  v e lo c i t y  h a s  to  b e  a  k n ow n  fu n c tio n  o f  th e  in d ep en d en t  
v a r ia b le s  x  and  t  on  th e  C c h a r a c t e r i s t i c s  b e h in d  th e  s h o c k  w a v e .
In b o th  th e  fo r m a t io n  a n d  d e c a y  p r o b le m s  d e s c r ib e d  in  C h a p te r  II th e r e  
i s  o n e  G c h a r a c t e r i s t i c  on  w h ic h  u  i s  a  p r e s c r ib e d  fu n c tio n  o f  x  and  t# 
th a t i s ,  th e  C c h a r a c t e r i s t i c  th r o u g h  th e  in i t ia l  p o in t o f  m o d if ic a t io n  o f  
th e  sh o ck  w a v e  which i s  a  m e m b e r  o f  th e  C c h a r a c t e r i s t i c s  o f  th e  in c id e n t  
s im p le  w a v e . E o la t io n  (4 . 6 . 5) th e n  s u f f i c e s  to  d e te r m in e  th e  exact v a lu e  
o f  th e  in i t ia l  r a te  o f  c h a n g e  o f  v e lo c i t y  o f  th e  s h o c k  w a v e . S u p p o se , fo r  
e x a m p le ,  th a t th e  s h o c k w a v e  i s  d e c a y e d  b y  a  p o in t#  c e n tr e d  s im p le  w a v e ,  
th e n  on  th e  b ou n d in g  C c h a r a c t e r i s t ic  o f  th e  s im p le  wave the p a r t ic le  
velocit^ r i s  d e te r m in e d  b y  (4 . 2 ,  i )  a n d  c o n s e q u e n tly  w e  m a y  w r it e  th e  
snght hand s id e  o f  (4 . 6.5) a s
ul-c-Ê utc#% ^  2 (u4c-*^)
2 c 2 c  # sw  l y l i )  t
F r o m  (4 . 6 , 5 ) , i t  th e n  fo l lo w s  th a t th e  in it ia l  r a te  o f  c h a n g e  o f  v e lo c i t y  o f  
th e  s h o c k  w a v e  i s  g iv e n  b y  th e  e x p r e s s io n
c  2
( 4 . 6 . 6 )  = -  W ÎT) r   •
T h is  r e la t io n  i s  id e n t ic a l  w ith  th a t p r e d ic te d  b y  f i r s t  o r d e r  p e r tu r b a t io n  
th e o r y ,  (4* 4 . 8)b* B y  a s im p le  s u b s t itu t io n , r e la t io n  (4. 6. 5) m a y  b e
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traîiaformacl into one which involves the Eiemajm invariant (3 rather titan a\ 
From  (4. 6* 2),
i - u f c  . U fc # | ^D u % ID u r D uB 2o f  ' 2c
and consequently by substituting for D u in (4 .6 , 5), we obtain,
after a slight rearrangem ent of term s, the relation
(4# 6, 7) D p #  D 8 =: " D n .' ' 8 2vW #l)c s 2c t
A  m ore suitable form  for the right hand side of (4. 6,7) is  obtained by 
using the identity (4* 6» 2), which yields
(4 .6 .8 ) D^p " .
hi th is relation# the operato rs D and D ac t along the non-dottedo "*
portions of the partic le  paths and the G ch arac te ris tic s  behind the shook 
locus.
S im ilar remarks may be applied to (4. 6, 8) as  were given fo r (4. 6. 5) 
with evident m odifications. We note, however, that (4. 6. 8) does not 
enable the in itial deceleration of the shock wave to be found as  we do not 
know the partic le  velocity as a function of x and t  along the partic le 
path through the in itial point of modification of the shock wave although 
we do know its  value on the C ch a rac te ris tic  which passes through this 
point. The two relationships, (4. 6. S) and (4 ,6* 8), a re  d iscussed in 
Chapter V when certain  approxim ate relations a re  obtained from  them.
•" 16^  ”
It may be noted that the general procedure adopted in this section could 
foe applied to a w ider c lass  of in teraction problem*
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§ 1 . V/HITHAM* 8 CHARACTERISTIC  ^EUDE*.
Before presenting two approxim ate relations obtained from  (4. 6. 5),
{4, 6. S) it w ill be advantageous to give a b rief outline of an approximate 
procedure due to G. B. Whitharn, (1958).
The problem s described in Chapter II may be classified  by the 
crite rion  that the shock wave is  modified by disturbances which are  
propagated from  the re a r  of the shock front. There is , however, the 
com plem entary c lass of problem s where the shock is  modified by the 
region into which it is  advancing. Examples of such flows are :
(i) the motion of a shock down a non-uniform tube, and 
(ii) the propagation of a shock norm ally through a plane distribution 
of density, p ressu re , etc.
We shall consider the fo rm er problem  as a m eans of illustrating  the 
approxim ate procedure developed by Whitham for dealing with such flows. 
This tentative method consists in w riting the equations of motion of the flow 
in ch a ra c te ris tic  form  and then to apply the com patability condition on one 
set of the e lm racteristies to the flow quantities ju s t behind the shock front. 
The Rankine-Hugoniot shock relations a re  then used to give a f irs t  o rder 
ordinary differential equation which determ ines the motion of the shock wave,
-  1 71  -
We suppose that a shockwave m oves along a tube of variable crossection 
A(x) containing a gas originally at re s t with constant p re ssu re  and 
density . F or values of x < 0 , A(x) is constant and initially the 
shock wave is  moving with constant velocity §(N) in th is region. When 
the shock reaches x  « 0 , disturbances a re  propagated back Into the 
region of uniform  flow, a s  illu stra ted  in Figure 22, and the subsequent 
motion of the shock is  modified.
It is  easily seen that the C ch arac te ris tic s  in the region AOB , 
indicated in F igure 22, a re  straigh t and form  a simple wave with -
constant. We shall assum e that if a reflected shockwave does form  then 
it does so joutside the region of consideration and also , that the piston is  
sufficiently fa r  from  the shock wave so that disturbances reflected from  
it may be ignored.
The characte ris tic  form  of the equations governing the flow a re  
sim ila r to (1. i .  10) except that now there is an additional te rm  arising
from  the variation  of crossectional a rea  of the tube. In particu lar, on a
1*C ch arac te ris tic  it may easily  be shown tîmt the compatability condition is
Whitham now regards th is relationship as holding along the shock locus. 
Consequently, on replacing the operator D by in (5 .1 .1 ), we obtain 
the following relation on the shock locus.
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On substituting fo r the flow quantities a* u, c and S in te rm s of the 
velocity of the shockw ave, § , from  the Eankine#Hugoniot shock rela tions, 
equation (5* 1. 2) may then be integrated to give the shock velocity, g, a s  a 
function of the cros sectional a rea , A(x) . F o r the p articu lar cases when 
the strength of the shock wave is  vanishingly weak, corresponding to 
g Co » and infinitely strong, corresponding to g -** co , simple relations 
giving the functional dependence of |  on A can be obtained. The 
in teresting aspect of those re su lts , however, is  that they correspond 
exactly with the ones derived from  the approximate solution to this 
problem  by E, F, Chisnéll, (1955,1957), M oreover, Chisnell* s resu lts  
when adapted to converging cylindrical and spherical shocks compare 
rem arkably well with the exact sim ilarity  solutions to those problem s by 
G, Guderley, {1942)# While there  a re  satisfactory reasons which indicate 
why Chi snell* b approxim ate method leads to accurate resu lts , there  seem s 
no ascertainable reason why the simple c liarac teris tic  * rule* should be so 
accurate# Whitham, however, has examined h is procedure in the light of 
the f ir s t  o rd er perturbation solution to th is problem  developed by 
W. C hester, (1954), and found that in that theory relation (5 ,1 ,2 ) is  
satisfied exactly* That th is is  so, may be illu stra ted  by applying the 
general procedure of §6 Chapter IV to th is problem . Using the identity 
(4# 6, 2) together with the com patability conditions on the C* 
ch a rac te ris tic s  of the flow, we obtain a fte r some manipulation, the relation
1 7 3  -
* ?■ * 2  D c. -fciîts. r .„ A -~  SI . I® . «£ÜS£è.i. 0 tt],s ■ âo '•2'v(v-'i)c 2 dï;  ^ 2c *• a-vl-v-Dc^ Sx 2 dis -
where, as before, use has been made of the relation c == ^ 4- u . 
The above relation reduces to
(J. 1. , ,  Sx 2 dx  ^ 2c “
However, and 4 ^ ‘ may be w ritten  ai d % ax ■
{(>u) 1*  ^ -• D 0 I S3 B log A" O x  6 dx Ê a ^
and consequently (5* Î, 3) becom es
#r' t C f  « he „ „ W"C#  ^ y.(El, i ,  4) D a #  D & t  %r D log A « —*#—• l> u'  ^ s s 2g 8 ^ 2c
Relation (5 ,1 .4 ) differs from  (4, 6, 5) by the inclusion of the te rm
involving the effects due to the varia tions in the c ro s  sectional area
of the tube* However, since A is  a function only of x , th is te rm
may be w ritten in an infinite num ber of ways as  the sum of two te rm s,
one of which involves D log A and the other may involve the derivative8
of log A along any ch arac te ris tic  direction o r indeed any direction*
F or example, we may w rite
#  D log A = X D log A -I- Y D log A ,2Ê S ^ 6
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w h e r e  e i t h e r  X  o r  Y m a y  b e  c h o s e n  a t  w i l l .
O ne o f  th e  eo n  s e q u e n c e s  o f  t h is  e f f e c t  i s  that r e la t io n  {5* 1*4)
i s  n o t u n iq u e  in  th e  s e n s e  th a t  (4 . 6* 5) i s  u n iq u e , A  s a t is fy in g  e le m e n t  of
W hithem lm  p r o c e d u r e  i s  th a t  s u ita b le  v a lu e s  fo r  X  an d  Y a r e  c h o s e n  b y
ucth e  v e r y  n a tu r e  of th e  m ethod* F or# i f  we pu t X ^ g {u T ^  » th en  i t  follows
th a t ¥  an d  r e la t io n  ( 5 . 1 . 4 )  m a y  th e n  b e  w r it t e n  as
u  - c
(5 .1 ,  S) -  iÇ ( ^ Ï F "  ^  .
' V u  - c
It will b e  n o te d  th a t th e  le f t  hand s id e  o f  (S . 1* B) I s  id e n t ic a l  to  th a t o f  
(5,1, E). C o n se q u e n t ly , W hitham * s  p r o c e d u r e  a s s u m e s  im p l ic i t ly  that th e  
t e r m s  of th e  le f t  hand s id e  a n n u l e a c h  o th e r . H o w e v e r , i f  w e  n ow  s u b s t itu te  
fo r  t h o s e  t e r m s  t h e ir  v a lu e s  a s  g iv e n  b y  Chester* s  f irs t  o r d e r  perturbation 
th e o r y  i t  i s  e v id e n t  th a t th e  r ig h t  h and  s id e  o f  (B. 1 . 5) i s  in d e e d  a e r o ,
§2. SOME APPROXIMATE RELATIONS
S in c e  W hitham * e p r o c e d u r e  i s  so s im p le  and  le a d s  to  a c c u r a te  
r e s u l t s ,  i t  i s  te m p tin g  to  tr y  an d  e x te n d  i t  fo r  o th e r  p r o b le m s ,  in  particu lar, 
th e  p r o b le m s  fo r m u la te d  in  Chapter XL
R e la t io n s  (4 .6* S), (4, 6, 8) w e r e  e s t a b l is h e d  fo r  an y  point of the sh o c k  
locus. In each e x p r e s s io n  the le f t  h an d  s id e  i s  e s s e n t ia l ly  a  known fu n c tio n  
o f  th e  v e lo c i t y  and a c c e le r a t io n  o f  th e  s h o c k  w a v e  w h i ls t  th e  r ig h t  hand side
-  1 7 5  -
i s  in  g e n e r a l  unknown* If e i th e r  s id e  w ere known e x p l ic i t ly  then the 
o th e r  s id e  w o u ld  foe d e te r m in a fo le , fout, s in c e  th e  d e te r m in a t io n  o f  o n e  
s id e  req u ires in fa c t  a  k n o w le d g e  o f  th e  o th e r , r e c o u r s e  m u s t  foe m a d e  
to  so m e  a p p r o x im a tin g  te c h n iq u e . We s h a ll  c h o o s e  to  m a k e  certain  
a s s u m p t io n s  regarding the t e r m s  o n  th e  r ig h t h an d  s id e s  o f  th e  relations 
and  c o n s e q u e n tly  th e  sh a p e  o f  th e  s h o c k  will foe d e te r m in e d  a c c o r d in g ly *
We w is h  to  em p h asiï^ e  th a t th e  o p e r a to r  D  a c t in g  on  a  q u a n tity  p r o d u c e s  
a  d e r iv a t iv e  an d  n o t a  d i f f e r e n t ia l  a s  th e  n o ta tio n  m ig h t  s e e m  to  im p ly .  
E a c h  r e la t io n  i s  e x a m in e d  in tu r n  an d  we c o n s id e r  f i r s t l y  (4 . 6 . 5 ) ,
The s im p le s t  a s s u m p t io n  to  make r e g a r d in g  th e  r i ^ t  hand side 
o f  (4 . 6* 5) to  a s s u m é  th a t th e  p a r t ic le  v e lo c i t y  u and th e  C , 
c h a r a c t e r i s t i c s  o f  th e  r e g io n  foehm d th e  m o d if ie d  sh o c k  fr o n t  are  p r e c i s e ly  
a s  d e te r m in e d  foy th e  In c id e n t s im p le  w ave* Under t h o s e  c o n d it io n s ,  
we th e n  have, u s in g  id e n t i t i e s  Ç4* 6 , 3),
B u = D tt . D aEc w 3c # sv/ s sw
since
(5 .2 .1 ) D ,u  » 2 D u  - D u  « 0 *  aw o aw - sw
M oreover, i f  we fu r th e r  a s s u m e  th a t the In c id en t s im p le  w a v e  i s  fo rw a rd #  
fa c in g ,  th en  D u  =; D  â  * An approximation to  ( 4 . 6 .  5) i s  th e r e fo r e^  S SW S 8W
g iv e n  foy
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(5. 2.2) D e -  D 8 = D a' 8 Eyiv-ilc & s SW* ' y
We c h o o s e  to  r e g a r d  (5 . 2 . E) a s  t m  e m p ir ic a l  r e la t io n  m a in ly  fo r  th e  r e a s o n  
that a lth o u g h  i t  i s  produced b y  th e  a b o v e  a s s u m p t io n s  i t  d o e s  n o t n e c e s s a r i l y  
im p ly  o n ly  th o s e  a s s u m p t io n s .  F o r  d e f in i t e n e s s ,  w e  s h a l l  r e f e r  to  (5 . 2. 2) 
a s  F o r m  A  and  i t  m a y  b e  j u s t i f ie d ,  so m e w h a t  t e n ta t iv e ly ,  in  th e  fo llo w in g  
m a n n e r . W e n o te  im m e d ia te ly  t lia t  in  th e  a b s e n c e  o f  e n tr o p y  v a r ia t io n s  
.F orm  A reduces to
(5, 2. 3) D u a D aS B 0W
At th e  in i t ia l  p o in t o f  m o d if ic a t io n  o f  th e  sh o c k  w a v e , o: « & -  a ,sw 1
S u b je c t  to  th is  in itial c o n d it io n , (5 , 2$ 3) m a y  b e  in te g r a te d  to y ie ld
a Î3 Of , SW
e v e r y w h e r e  a lo n g  th e  sh o c k  lo c u s .
It w i l l  b e  r e c a l le d  f r o m  C h a p te r  II# th a t th is  i s  a  s u f f ic ie n t  c o n d it io n  
f o r  F r i e d r ic h s  ’’. ’ s im p le  w ave* a p p r o x im a tio n . I f  v a r ia t io n s  in  entropy 
a r e  ig n o r e d , th e n  F o r m  A r e d u c e s  to  a  s ta te m e n t  o f  F r ie d r ic h ’s ’ th e o r y .
S e c o n d ly , we n o te  th a t F o r m  A is exact a t  th e  in i t ia l  p o in t o f  
m o d if ic a t io n  o f  th e  s h o c k  w a v e . T h is  m a y  b e  s e e n  b y  r e c a l l in g  th a t the 
f i r s t  o r d e r  p e r tu r b a t io n  th e o r y  of C h a p te r  IV p r e d ic t s  th e  e x a c t  value 
f o r  the in i t ia l  r a te  o f  c h a n g e  o f  v e lo c i t y  o f  th e  s h o c k  w a v e  an d  this q u a n tity  
i s  obtained from  relation (4 . 4 . 8 )  which i s  s im i la r  to  F o r m  A.
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H precisely  the same considerations a re  applied to (4. 6. 8) then# 
on account of relation (5, 2* d), we obtain
(5 .2 .4 ) D p -  —7 - " ~ -  D S = 0 .a' Zy{yS .)c^  s
This relation will be term ed .Form B and is form ally equivalent to 
regarding the compatability condition on the C ch arac te ris tic s  of the 
flow- field
(5. 2. 5) D__- (3 - D S % 0
as valid along the direction of the shock locus. Since (5- 3. 4), (5, 2. 5) 
a re  both assum ed to hold, it follows that
where D denotes “  along any curve. Since S is constant on the 
partic le paths it fu rther follows that (3 is  constant on these curves. 
Consequently# p is  a function of the entropy variations everywhere in 
the region behind the m odified shock locus# the functional dependence 
being fixed by the requirem ents of the Eaiikine-Hugoniot conditions*
The approxim ate method suggested by th is resu lt is  not new as it is 
sim ila r to that suggested by Pillow# (1948), and form s the basis of 
Shock-Expansion Theory which w ill be discussed in §5 of th is chapter.
We note also, that when the entropy effects a re  ignored then p is constant
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th ro u g h o u t th e  e n t ir e  f lo w - f i e ld  w ith  i t s  v a lu e  g iv e n  b y  th e  in c id e n t  
s im p le  w a v e  an d  c o n s e q u e n tly  th e  e n t ir e  flow-field b e h in d  the m o d if ie d  
sh o c k  lo c u s  m a y  b e  r e p r e s e n t e d  b y  a n  extension o f  the in c id e n t  s im p le  
w a v e .
F o r m s  A  an d  B  h a v e  b e e n  d e r iv e d  b y  te n ta t iv e  m e th o d s  a n d  n o  
e s t im a t e  h a s  b e e n  g iv e n  f o r  t h e ir  p h y s ic a l  r e a s o n a b le n e s s .  T h e a u th o r  
h a s  b e e n  u n a b le  to d e te r m in e  th e  p r e c i s e  o r d e r s  o f  th e  e r r o r s  in tr o d u c e d  
b y  a c c e p t in g  th e m  a s  the s ta r t in g  p o in ts  of a p p r o x im a te  theories for th e  
p r o b le m s  fo r m u la te d  in  C h a p te r  11. H o w e v e r , in  v ie w  o f  th e  fa c t  that th e y  
do r e d u c e  to  F r ie d r ic h s *  th e o r y  f o r  i s e n t r o p ic  f lo w s  i t  w o u ld  seem 
r e a s o n a b le  to  in f e r  that th e y  w i l l  b e  a c c u r a te  fo r  w e a k  s h o c k s . I n  a d d it io n , 
at th e  in i t ia l  p o in t  of m o d if ic a t io n  of th e  shock w a v e . F o r m  A  i s  accurate 
i r r e s p e c t iv e  of th e  s tr e n g th  o f  th e  shock wave. T h e  a p p r o a c h  w i l l  b e  
a d o p ted  to e n q u ir e  h o w  c l o s e l y  th e y  a r e  a s s o c ia t e d  w ith  known a p p r o x im a te  
m e th o d s . If th e  a s s o c ia t io n  i s  in d e e d  c l o s e ,  then t h is  v / i l l  be r e g a r d e d  
h e r e  a s  s u f f ic ie n t  J u s t if ic a t io n  f o r  t h e ir  a p p lic a t io n  to  th e  p r o b le m s  
fo r m u la te d  in  C h a p te r  II,
h .  FORMS A  AND B AND FIRST ORDER PERTURBATION THEORY
We r e c a l l  fr o m  ( 4 , 4 ,  0) that a c c o r d in g  to  th e  assum ptions o f  f irs t  
o r d e r  perturbation theory# th e  following r e la t io n  a lo n g  th e  s h o c k  lo c u s  i s  
o b ta in e d  f o r  th e  d e c a y  o f  a  sh o c k  wave by à  p o in t# c e n tr e d  s im p le  w a v e .
(g \da'* ' SW dS*
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where a superscrip t denotes a perturbation quantity. If tliis relation is  
rew ritten in te rm s  of the defining quantities then, a fte r some manipulation# 
we obtain
^8 sw  ^  ^ dS d log Z8 a 8 i 3 ^d r  2^;{v-i)c^ d r  3 + ? ?  [{«+C)^ -  {W c)^ ^ ^ H  = o .
In Chapter II, it was shown that the * sim ple wave* approximation im plies
the equality of any param eter? or group of p aram ete rs , of the simple wave
and of the shock wave when taken along the shock front* In the above
relation, the te rm  |(ul c) * { (u4 c) } ] if equated to m v o  supplies
8
such a condition. Consequently, on the basis of the f irs t  o rder 
perturbation theory we may conclude that if the * simple wave* approxim ation 
is  regarded as the * basic* approxim ation, then a higher approximation 
is  obtained by the relation
0 ,
which may be rew ritten  as
da c dS de0 8 8 8TV
d r  " Zy{y>i)c^  d r  " d r  ’
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since (c ) may be replaced foy according to the ’^simple wave*
B
approxim ation.
The basic approximation is  a condition on the flow quantities behind 
the shock wave w hilst the higher approximation is a condition imposed on 
the derivatives of the flow quantities along the direction of the shock locus. 
Relation (5. 3.1) is  identical with F orm  A and it  shows that the basic
assum ption necessary  fo r Form  A is  that (ufc) = { (ufc) } . The
s
solution fo r the perturbed quantities a* and p* in te rm s of a rb itra ry  
functions as obtained by f ir s t  o rd e r  perturbation theory is  given by 
(4 .4 .4  a). F rom  th is solution, the values of a ' and p* on the shock 
locus may be derived and a re  given by relations (4,4. 4 b). If those 
relationships a re  now differentiated in the direction of the shock locus, 
then a fte r some algebra, it  is  found that
d r  d r
3-V d , "aw, ^ ^------' -------— j *   —----yi-1 dr  ^ 1 y drÏ — s2
8
and
dp sw  ^ dS 4  dK(Z ) c ^ , r, 1
d T  - d f  = '!* * V 8  ^ a vj
where the functions #(y) and .K'(Z) a re  given foy (4, 5* i )  and (4. 5* Z) ij
respectively. j
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Relation® (6. 3. Z} a re  essen tially  equivalent to Form s A and B
respectively when the right hand sides a re  aero, hi relation
(a) th is occurs only at the in itia l point of modification of the shock wave
dKsince K(Z ) =; 0 % C'Y^ ) and W(y ) 0 , At all other points of the shockn dz 'nn
locus, the right side is  non-W ro, The te rm  involving K(Z ) ch a rac te risess
disturbances which a re  sent into the fluid along the O ch arac te ris tic s  and 
that involving W(y ) ch a rac te rises  only p a rt of the disturbances that a re  
convected along the partic le  paths. Consequently, Form  A does not take 
into account the disturbances along the G* ch a rac te ris tic s  and does not 
consider entirely  tlie effect of those convected along the partic le  paths.
In relation (S. 3. E)b. # the right hand side involves the second derivative 
of the function K(E^). This derivative does not vanish a t the in itial point 
of m odification of the shock wave and consequently F orm  B is  not satisfied  
exactly even a t that point*
§4. FORMS A AND B AND ROSOISgEWSKI'S METHOD
tT* Roscissew ski, (i960), derived from  the general equations of 
motion an approxim ate relation which allows the calculation of certain  
quantities for a variety  of flows which involve non-uniform  shock waves.
The boundary value problem s so form ulated a re  s im ila r to those discussed 
in Chapter ÏÎ and in §1. IBata; a re  p rescribed  on a non-characteristic  line 
and the system  of partia l differential equations has to be solved subject to 
the Rankine-Hugoniot conditions on the unknown shock locus. The relation
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o f  th é  a b o v e  p a p e r  r e d u c e s#  u n d e r  s u ita b le  r e s t r i c t io n s  on  th e  f lo w - f ie ld ,  
to  W hitham * b  c h a r a c t e r i s t ic  * rule* an d  i s  also a s s o c ia t e d  symbolically 
w ith  Form s A  an d  B .
T o in d ic a te  th e  m a n n e r  in  which t h is  relationship is  derived, the 
fo llo w in g  p r o b le m  is  c h o s e n . We a s s u m e  th a t th e  s h o c k  m o v e s  in a  
tu b e o f  v a r ia b le  c r o s s e c t i o n  in to  a  s ta g n a tio n  r e g io n  and i s  a l s o
m o d if ie d  b y  d is tu r b a n c e s  f r o m  th e  r e g io n  b eh in d  th e  s h o c k  fr o n t . It Is 
c l e a r  th a t i f  th e  m o d if ic a t io n  o f  th e  s h o c k  w a v e  i s  d u e e n t ir e ly  to  th e  
v a r ia t io n s  in  c r o s s e c t io n a l  a r e a  o f  th e  tube* th e n  th e  p r o b le m  r e d u c e s  
to  th a t o f  § 1 . If th e  tu b e  i s  o f  constant c r o s  s e c t io n a l  a r e a  an d  the shqck 
w a v e  i s  m o d if ie d  b y  a  s im p le  wave# t lien  th e  p r o b le m  i s  sim ila r to  those 
d is c u s s e d  in  C h a p ter  II,
T h e  f lo w - f ie ld . in  th e  p h y s ic a l  p la n e  i s  sh ow n  in  F ig u r e  2 3 , L  
r e p r e s e n t s  a  g iv e n  n o n - c h a r a c t e r i s t i c  l in e  on  w h ic h  th e  v a lu e s  o f  th e  
K iem à n n  in v a r ia n t  a ,  th e  e n tr o p y  S  an d  th e  c r o s  s e c t io n a l  a r e a  o f  th e  
tu b e A(x) a r e  p r e s c r ib e d ,  S r e p r e s e n t s  th e  unknow n s h o c k  lo c u s  on 
w h ic h  th e  R a n k in e -H u g o n io t  c o n d it io n s  a r e  to  b e  s a t i s f ie d ,  T h e  e q u a t io n s  
o f  m o t io n  o f  th e  f lo w  w h en  w r it t e n  in  c h a r a c t e r i s t ic  f o r m  a r e
- 183 ~
R oscîssew éki* b procedure co n sists  in integrating the com patability
-Ac o n d it io n  o n  th e  G cîm racte r i  s t i e s  a lo n g  th o s e  c h a r a c t e r i s t i c s  fr o m  
1# to  S , w h ic h  y ie ld s  th e  r e s u l t
lo g  A
v /h e r e  th e  s u f f i c e s  * s* an d  d e n o te  th e  values of th e  flow quantities
a t  th e  s h o c k  locus a n d  th e  g iv e n  c u r v e  r e s p e c t iv e ly *  If a  s im i la r
1-integration is  p e r fo r m e d  a lo n g  a n e ig h b o u r in g  Q c h a r a c t e r i s t ic  and th en
‘î’th e  l i m i t  of th e  tw o  in t e g r a l s  tak#.n a s  th e  second Q  c h a r a c t e r i s t ic  i s  
a llo w e d  to  a p p r o a c h  th e  f irs t, w e  obtain:, b y  a p p ly in g  th e  m e a n  value 
th e o r e m *  th e  relation
(S . 4 .  2 ) i ‘2 y { y ~ i ) c ' '  ^  ''' ^2(ui c )  ^
44 ^  [ lo g  « 0
m
w h e r e  th e  s u f f ix  ? r e f e r s  to th e  m e a n  v a lu e  of th e  q u an tity  in  th e  
in t e r v a l  c o n s id e r e d »
When th e  v a r ia t io n s  in th e  flow b e h in d  th e  m o d if ie d  s h o c k  w a v e  a r e  
s m a l l ,  w e  m a y  w r it e  th e  f lo w  q u a n t it ite s  in  the fo r m  A = A y -i- « ,
c  « C y * e t c . , w h e r e  t  ^ «  A # «  c , etc. T h e t e r m s  in which
th e  s u f f ix  * m* a p p e a r s  c a n  th e n  b e  o m it te d  a s  b e in g  o f  the s e c o n d  o r d e r .  
R e la t io n  ( 5 , 4 ,  É) th e n  reduces to  th e  fo r m
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(5.4.3)  2 d l o g A ^
* * V 8
= '’®2 ■'■ I  ^
W e  e m p h a s is e  th a t t h is  r e la t io n  sh ip  in v o lv e s  d i f f e r e n t ia ls  an d  n o t  
d e r iv a t iv e s  o f  th e  .flow q u a n t it ie s .  P h y s ic a l ly  i t  r e p r e s e n t s  the m a n n e r  in  
w h ic h  s m a l l  c h a n g e s  in  th e  f lo w  q u a n t it ie s  on  th e  g iv e n  c u r v e  L  a r e  
r e la t e d  to  th e  c o n s e q u e n t  s m a l l  c h a n g e s  o f  th o s e  q u a n t it ie s  on  th e  s h o c k  
lo c u s ,  S . T h e r e la t io n  h a s  b e e n  a p p lie d  by E o sc is£ r .ew sk i to  a  w id e  
v a r ie t y  o f  b o u n d a ry  v a lu e  p r o b le m s  an d  th e  r e s u l t s  e b ta ih d d ;c o m p a r e  
fa v o u r a b ly  w ith  t h o s e  c a lc u la te d  by th e  m e th o d  o f  c h a r a c t e r i s t i c s  u s in g  
a step-by-step  r o u tin e . %n g e n e r a l ,  ( 5 . 4 *  3) cannot b e  in te g r a te d  to  o b ta in  
an  a n a ly t ic a l  r e p r e s e n ta t io n  fo r  th e  u n d e te r m in e d  s h o c k  lo c u s .  H o w e v e r ,  
w h en  th e  sh o c k  w a v e  is  m o d if ie d  e n t ir e ly  b y  v a r ia t io n s  in  th e  c r o s  s e c t io n a l  
a r e a  o f  th e  tu b e , w ith  A.(x) a  c o n s ta n t ,  x  <  Û , th en  on  r e f e r r in g  to  F ig u r e  
2 3 , th e  c u r v e  h  m a y  b e  ta k e n  a t  a n y  l in e  %=% c o n s ta n t  in  the r e g io n  
x <  0 . T h e  q u a n t it ie s  ^  , S .  an d  A ^ a r e  c o n s ta n t  an d  ( 5 . 4 .  3) reduces 
to
( S . 4 . 4 )  d l o g A ^  = 0 ■
* ’ V  G
A ll  t e r m s  in  th is  r e la t io n s h ip  a r e  r e f e r r e d  to  th e  s h o c k  lo c u s  and  
c o n s e q u e n tly  in te g r a t io n  a lo n g  t h is  c u r v e  I s  p e r m is  s a b le .  R e la t io n  ( 5 . 4 .  4 )  
i s  th e n  e q u iv a le n t  to  W hitham * a c h a r a c t e r i s t ic  * r u le * .
-  1 8 5  ~
If the cros sectional a rea  of the tube is  constant and the shock wave 
is modified entirely  by a sim ple wave in the region behind the shock front 
then in o rder to apply (5, 4* 3) to th is problem* we require to make an 
additional assum ption concerning the flow-field. In such problem s, the 
velocity of the piston is  specified on the piston path which we may take as 
the given line I# provided the sim ple wave is  not point-centred. Due to 
the effect of the p re ssu re  waves which a re  propagated back into the flow 
from  the shook front, the values of a and p will change although the 
difference is  specified. EoscisEewski assum es that the motion is
such that the reflected wave does not reach the line L . Consequently* 
on th is line* # has its  value constant and given by the incident simple 
wave, assum ed to be forw ard-facing. Relation (5,4. 3) then reduces to
(5 .4 .5 ) 4 .^  .  a®, = .
since S is  assum ed to be constant.
The left îmnd side of th is relation may be regarded entirely  a s  a 
function of the velocity of the shock wave* and the right hand side 
as a function of the velocity of the piston, u^. Thus (5.4. 5) is  of the form  
da o^ dS
(5 .4 .  6) ( ÿ  -  d f )  3  %  '
which serves to relate sm all changes in the velocity of the piston to the 
consequent changes in the velocity of the shock wave. F or example, in
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F ig u r e  E3 i f  P  , d é n o te  n e ig h b o u r in g  p o in ts  on  L  and Q $ Q
*1"d e n o te  the p o in ts  d e f in e d  b y  th e  in t e r s e c t io n  o f  th e  G c h a r a c t e r i s t i c s  
th ro u g h  an d  the sh o c k  lo c u s  r e s p e c t iv e ly *  th en  the ch a n g e  in
v e lo c i t y  o f  th e  p is to n  from , th e  p o in t  P  to  i s  r e la te d  to  th e  ch a n g e  
in  v e lo c i t y  o f  the sh o c k  w a v e  f r o m  th e  p o in t  to  Q th ro u g h  (5*4# 6),
T h e g ro u p in g  o f  th e  f lo w  q u a n t it ie s  in  { 5 . 4 .  5) i s  s im i l a r  to th a t o f  
F o r m  A . H o w e v e r , F o r m  A  i s  a  r e la t io n  in v o lv in g  d e r iv a t iv e s  a lo n g  th e  
sh o c k  lo c u s  w h ic h  e n a b le s  th e  r e la t io n  to  b e  in te g r a te d  to  g iv e  an 
a n a ly t ic a l  r e p r e s e n ta t io n  f o r  th e  sh o c k  lo c u s  in  th e  p h y s ic a l  p la n e .
A lth o u g h  F o r m  A  i s  e a s i e r  to  a p p ly  th an  ( 5 . 4 .  S) o n e  m u s t  e x p e c t  i t  to  b e  
l e s s  a c c u r a te  tlia n  th e  la t t e r  a s  m o r e  drastic  a s s u m p t io n s  a r e  r e q u ir e d  
fo r  i t s  d e r iv a t io n .  N e v e r t h e l e s s  r e la t io n  ( 5 . 4 .  5) ca n n o t b e  a p p lie d  w h e n  
th e  incident simple w a v e  i s  p o in t - c e n t r e d  a s  th e  v e lo c i t y  o f  th e  piston i s  
th e n  d is c o n t in u o u s .
W hen th e  b a c k w a r d  p r o p a g a te d  p r e s s u r e  w a v e  fr o m  th e  shock w a v e  
i s  n e g le c te d ?  th e n  th e  v a lu e s  o f  a  an d  |3 on  h  a r e  a s  g iv e n  b y  th e  
in c id e n t  s im p le  w a v e . F o llo w in g  R o s c is a e w s k i ,  w e  m a y  th e n  in te g r a te  tine 
c o m p a ta b ility  c o n d it io n  o n  th e  C c h a r a c t e r is t ie s *  g iv e n  b y  ( 5 . 4 .  l ) b .  w ith  
A(%) c o n s ta n t ,  a lo n g  a  C c h a r a c t e r i s t ic  fr o m  th e  c u r v e  H to th e  shock 
lo c u s  s. If a l im it in g  p r o c e s s  i s  th e n  p e r fo r m e d , s im i la r  to  th a t p r e v io u s ly ,  
th e  fo llo w in g  r e la t io n  i s  o b ta in e d ,
-  1 8 7  -
This relationship applies only to quantities on the shock locus and is 
therefore integrable and consequently is equivalent to Form B.
^5. SHOCK-BXPANSION THEORY
The central fact of the approxim ate method known a s  Shock- 
Expansion Theory was discovered by A* ,F. Pillow (1949). Whilst 
investigating the form ation of a shock wave by a uniform ly accelerated  
piston# Pillow found that the variation of the RIemann invariant (3 along 
the partic le  paths is  so sm all com pared with the variation  of a that the 
e r r o r  incurred  by neglecting it  is  sm a lle r than that inherent in the simple 
wave approximation of Friedrichs* This resu lt can be extended to the case 
when the motion of the piston is  non-uniform*
If the flow-field in the physical plane is  as  represented  in F igure 24# 
then through any point F  between the piston path and the shock locus 
there a re  th ree  characteristics*  I#et R # T and W denote respectively 
the points on the shock locus which a re  the in tersections of the G # C 
and G ch arac te ris tic s  through P  and the shock locus# then Pillow has 
proved that the difference between the values of p at P and R is  of the 
o rd e r of the difference between the corresponding values of a m ultiplied by 
the cube of the g rea test shock strength occuring between E and W, That is, 
to th ird  o rder terms in  Uie shook strength# p is constant on the partic le
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p a th  B P . C o n s e q u e n tly , to  t h i s  o rd er*  p m a y  b e  r e g a r d e d  a  fu n c tio n  
o f  th e  e n tr o p y  S s in c e  S i s  c o n s ta n t  o n  th e  p a r t ic l e  p a th s . H o w e v e r ,  
on  th e  sh o c k  lo c u s  p  an d  S a r e  related  b y  the Ranklne-Hugoniot 
c o n d it io n s  and  t h is  s e r v e s  to  define th e  fu n c t io n a l d e p e n d e n c e  o f  p on 
8 ,  In s h o c k  e x p a n s io n  th e o r y  t l ie n , p i s  ta k e n  to b e  a  function o f  S , 
p » p (8) , g iv e n  b y  th e  s h o c k  r e la t io n s .  It w i l l  b e  r e c a l le d  th a t th is  i s  
p r e c i s e ly  th e  relation p r e d ic te d  b y  F orm  B .
On th e  p is to n  p a th , th e  e n tr o p y  i s  c o n s ta n t  and  c o n s e q u e n t ly  o n
th e  b a s i s  o f  S h ock ^ E x p a n sio n  T h e o r y  th e  E ie m a n n  in v a r ia n t  ,6 i s  a l s o
c o n s ta n t .  T h e  a p p r o x im a te  th e o r y  th e n  n e g le c t s  th e  e f f e c t  o f  th e  p r e s s u r e
w a v e s  w h ic h  a r e  p r o p a g a te d  b a c k  in to  th e  f lu id  a lo n g  th e  C c h a r a c te r is t ic © .
It i s  a l s o  e a s i l y  s e e n  th a t  th e  G c h a r a c t e r i s t i c s  a r e  l in e s  o f  c o n s ta n t
v e lo c i t y  an d  p r e s s u r e -  I f  th is  r e s u lt  i s  now  su b s t itu te d  in to  th e
c h a r a c t e r i s t ic  e q u a t io n s  o f  th e  s y s t e m ,  ( 1 . 1 . 1 2 ) ,  th e n  th e  c o m p a ta b ility
c o n d it io n  o n  th e  G c h a r a c t e r i s t i c s  i s  s a t i s f i e d  id e n t ic a l ly .  T h e  s o lu t io n
o f  th e  s y s t e m  i s  t h e r e f o r e  d e te r m in e d  b y  th e  c o m p a ta b ili ty  c o n d it io n s  on 
oth e  C and  O e h a r a c t e r l s t l c s .  Shock-E x p a n s io n  T h e o r y  r e p la c e s  a  th r e e  
c h a r a c t e r i s t ic  p r o b le m  in  tw o  in d e p e n d e n t v a r ia b le s  to  a  tw o  c h a r a c t e r i s t ic  
p r o b le m  in tw o  in d e p e n d e n t v a r ia b le s .  T h is  f e a tu r e  o f  th e  a p p r o x im a te  
m e th o d  e n a b le s  th e  c o m p le te  s o lu t io n  for th e  f lo w - f ie ld  to  b e  d e te r m in e d  
in  c lo s e d  form .. T h e  c o m p le te  s o lu t io n  f o r  the f lo w - f ie ld  i s  n o t  g iv e n  h e r e  
a s  i t  i s  d e ta i le d  in  @D Appendix- II. In p a r t ic u la r ,  the s h o c k  locus is  fou n d  
to  b e  r e p r e s e n te d  in  t e r m s  o f  a  p a r a m e te r  f(u) b y  th e  r e la t io n s  [M e y e r , 1 9 5 9 ] * ■ I
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/ '  s  -S(u)
(5 .5 .1 ) Pg*, "  + j  }df
£
i  r  1
m  a r  1 / £ f i \I *Ï" J j. U lJ   ^ Z y c
° f “O
where £(u) is  a s  defined m  -?B Appendix XI.
The above solution requ ires to b# modified i l  the shock wave does
• 4not s ta r t on the leading 0  ch a rac te ris tic  of the incident simple wave. 
Shock-Expansion theory has subsequently been generalised to tre a t a wide 
class of hypersonic flows and in a ll cases good agreem ent is  obtained 
when the resu lts  a re  com pared num erically with the existing data from  
physical experim ents [Eggers, 8avan, Syverston, 1955]. Furtherm ore 
die underlying princip les of the theory have been examined by J, J , Mahony 
(1955)* J , J, Mahony and R. R. Skeat (1955), who showed that the e r ro rs  
inherent in the theory are  such that th e ir  effects largely  cancel. The 
theory may then be regarded as a suitable standard by which to a s se ss  
the relative m e rits  of o ther *‘third-order** approxim ate theories.
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C H A P T E R  V I
§ 1 . INTRODUCTION.
An approxim ate method fo r weak shock waves is derived from  
Form  A and is  applied to several of the problem s form ulated in 
Chapter II. The approxim ation is  essentially  a generalisation of the 
* simple wave* approxim ation in which te rm s of o rd er the cube of the 
shock strength a re  taken into account. The procedure adopted p rese rv es 
the sim plilicity of that of F ried richs and is  m ore accurate . The resu lts  
obtained a re  com pared with those from  * simple wave* theory# shock- 
expansion theory and also# in the case of the decay ox a shock wave, 
wiUi the exact solution for the in itial ra te  of change of decay of the 
shock wave. The p resen t theory p red ic ts resu lts  which a re  in good 
agreem ent with those of shock-expansion theory.
h .  EXPANSION OF THE EANKINE-HUGONIOT SHOCK RELATIONS.
Ift §3 Chapter I, the RanJdne-Hwgoniot conditions a re  quoted in 
te rm s of the ratio  of the p ressu re  difference ac ro ss  the shock wave, P. 
F o r the subsequent work, it  is  m ore convenient to express them  as power 
se rie s  esqjansion in the p aram eter 6, defined as
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6 = [1 -S- P] - 1di
ô îa theîx of the aame oedee a s  P  when jp l  We a a same that tîie’ ' y t 1
region ahead of the shock front is  a stagnation region and hence in ( i, 3* 5)
the quantities u , S m ay be taken as  Esero. hi te rm s of 6 » equations o o -
(!• 3. 5) a re  then
i  t= c  ( l 4 d )
“ “ IS f) *
1
B- ® -I- -i- 3^
V^i m2 ^i  2
( i  6)“ *
T h e a b o v e  r e la t io n s  a r e  s in g u la r  at th e  fo llo w in g  v a lu e s  o f  Ô
1 Î - 1  i  ? - 1 Îf4 y*i
T h e sh o c k  w a v e  i s  fo r w a r d * fa c in g  w ith   ^ C on seq u en tly^  th e  fo llo w in g
T a y lo r  s e r i e s  r e p r e s e n t a t io n s  a re  v a l id  f o r  d <  j - l
u = 6 [1 - |  + | ~  + 0{6^3 ,
. g2 3 ^
(6*‘E>l)c » c  [ i  4- 4  r 0 (ô" ')l $' o** k  2 k  k  '
c ,^2V 3k
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, __ vi-iwhere 2k -
Thus we may w rite ,
2k-l r, , 2 .  6 ^ ,  3 „3a a  11 4 ' o -* ^ ^ 4  '~*rd 4 0(6  )j ,2 o k k 2k
3p « ç^Jl .1. ^  0(6^)] 4
7When y «-g 3 the above se rie s  a re  convergent for 6 < 0. 622,
§3, j&jK :E)ii()(:i8i)ij]aLE; iraoivi 3r()&2vi /i.
With regard  to the problem s form ulated in Chapter Ih  there a re  a
numbe r  of methods by which an analy tical solution for the path of the 
shock wave in the physical plane may be obtained from  Form  A,
(i) As suggested previously, w^ e may substitute fo r a , c and S
on the left hand side of Form  A in te rm s of |  from  the Eankine*Hugoniot 
conditions and then use the relationship 6^ %= |  dt, which is  valid on tlie 
shock locus, to obtain a second o rd er, non-linear differential equation 
which is  to be solved subject to the in itia l conditions: t  » t . , % =
and s; |(I)  , where the suffix * I* is  in terp reted  as in Chapter II,
(ii) Instead of attem pting to solve the non-linear equation described 
above, we may simplify thé problem  by linearising that equation.
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(iii) Rather than employ the full form  of the Eankine-Hagoniot 
conditions, we may use se rie s  expansions of those conditions in te rm s 
of a suitable p aram ete r and so simplify the analysis by considering 
those expansions only to te rm s of some specified o rd e r of magnitude.
The author has attem pted to  solve the differential equation obtained 
by method (i) but, owing to the esrtreme non-linear nature of the equation, 
was unable to determ ine the required representation for the shock locus»
Of course, this equation m ay be used to derive a Taylor se ries  representation 
for the path of the shock wave in th f  neighbourhood of the in itial point of 
modification of the shock wave* When the linearised  form  of the above 
equation Is considered, then the required  solution may be obtained without 
difficulty* The analysis m  th is case is  s im ila r to that of Chapter IV and 
for that reason is not presented* Method (iii) is  sim plest and is  the one 
adopted here .
To te rm s of o rd er the cube of the shock strength, the expression 
c c
' D & may be replaced by O S .  To this order,
F orm  A  may be integrated to yield the resu lt
(6 .3 .1 ) ( « ^ J  = (8 , -  S;) ,6 ”  * y
where the suffix * X* denotes that the quantity is  taken a t the initial point 
of modification of the shock wave. In the case of the form ation of a shock
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w a v e , th e  in i t ia l  a c c e le r a t io n  o f  the p is to n  is a s s u m e d  to b e  n o n -a e r o .
T h e  c u s p  o f  th e  e n v e lo p e  o f  th e  C ‘ c h a r a c t e r i s t i c s  th en  l i e s  on  the le a d in g
» 4C c h a r a c t e r i s t ic  o f  th é  s im p le  w a v e  an d  8  i s  ta k e n  a s  s e r o .  F o r  th e  
d e c a y  o f  a  sh o c k  v /a v e , h o w e v e r ,  S , i s  o f  o r d e r  th e  c u b e  o f  the in i t ia l
sh o c k  s tr e n g th  P  .
It is  in t e r e s t in g  to  n o te  f r o m  (6. 3* 1) th a t f o r  th e  f o r m e r  c a s e ,
c
{a ) a U ' - 0IBW g 8 (3
a s  th e  c o n tr ib u tio n  f r o m  th e  v a r ia t io n s  in  e n tr o p y  i s  p o s i t iv e .  H o w e v e r ,  
in  th e  la t t e r  c a s e ,  6 <  6 an d  c o n s e q u e n tly
BW 6 2 v (y * l)c  8 XLs  ' V
th e  c o n tr ib u t io n  f r o m  th e  e n tr o p y  t e r m  now  b e in g  n e g a t iv e .  T h e s e  
in e q u a l i t ie s  would b e  e x p e c te d  f r o m  p u r e ly  p h y s ic a l  c o n s id e r a t io n s  
o f  th e  r e s p e c t iv e  f lo w - f i e ld s .  T h e y  do e m p h a s is e ,  n e v e r t h e l e s s ,  th e  
im p o r ta n c e  of th e  r o le  p la y e d  b y  th e  v a r ia t io n s  in  e n tr o p y  in  d e te r m in in g  
th e  s o lu t io n  fo r  th e  p a th  o f  th e  shock w a v e . In F r ie d r ic h s *  * s im p le  w a v e
a p p r o x im a tio n , th e  c o r r e s p o n d in g  r e la t io n s  a r e  (ar ) -  in  both c a s e s .
8
It i s  to  b e  n o te d  th a t (6* 3 .1) I s  n o t  u n ifo r m ly  v a l id  fo r  a l l  p o in ts  on th e  
sh o c k  wave, b u t o n ly  f o r  th o s e  p o in ts  in  th e  n e ig h b o u r h o o d  o f  th e  in it ia l
-  .i95 -
p o in t  o f  m o d if ic a t io n  o f  th e  sh o c k  w a v e . C o n s e q u e n tly , fo r  th e  c a s e  o f  a 
d e c a y in g  s h o c k  w a v e  (6 . 3 . 1 )  ca n n o t b e  e m p lo y e d  to  d e te r m in e  the a s y m p to t ic  
fo r m  o f  th e  s o lu t io n . T h is  i s  d u e to  th e  fact th a t Form A  i s  à  f i r s t  o r d e r  
d i f f e r e n t ia l  r e la t io n  a lo n g  a c u r v e  on  which c o n d it io n s  a t  tw o  p o in ts  a r e  
k n ow n , that i s ,  at th e  * in i t i a l  point* an d  a t  the * p o in t o f  in f in ity * . In 
d e r iv in g  (6. 3 .1 )  th e  f o r m e r  c o n d it io n  i s  in v o k e d . A s  t im e  t  oo , th e  
sh o c k  w a v e  te n d s  to  a n  a c o u s t ic  w a v e  in  a a t a ^ a t io n  r e g io n  an d  Û ,
o> ^  m , ( e  ) -*- e  . T h u s  i f  F o r m  A  i s  n o w  in te g r a te d  s u b je c t  to t h is8 O SW Os
s e t  o f  c o n d it io n s ,  th en  to  th e  o r d e r  o b s e r v e d  h e r e ,  w e  o b ta in  th e  r e la t io n
c
{a ) 23 gSW 8 2y(v- 1 ) c, ba ' * V
■< a— G
In th e  s e q u e l ,  w e  s h a ll  b e  c o n c e r n e d  e n t ir e ly  w ith  th e  d e r iv a t io n  o f  the 
s o lu t io n  f o r  th e  path o f  th e  sh o c k  w a v e  in  th e  n e ig h b o u r h o o d  o f  the in i t ia l  
p o in t o f  m o d if ic a t io n .
B y  u s in g  th e  s e r i e s  e x p a n s io n s  g iv e n  i n  (6 , 2* 1 ) , e q u a tio n  (6 . 3* 1) m a y ­
b e  w r it t e n  in  the fo r m
(6.3,2)
c (2k-l) S
b. where A(6) % c [4 4^6  6^4 0(6 ) ] 4 ^
6k V
**• 1 9 6  -
T h is  r e la t io n  c h a r a c t e r i s e s  th e  e s s e n t i a l  d i f f e r e n c e  b e tw e e n  th e  a p p r o x im a te  
t h e o r ie s  d e r iv e d  f r o m  F o r m  A  an d  f r o m  th e  * s im p le  w ave* a s s u m p t io n s  o f  
F r ie d r ic h s  w h ic h  le a d  to  th e  r e la t io n  (à  ) . H o w e v e r , s u b je c t  to8W SS
th is  m o d if ic a t io n ,  th e  p a th  o f  th e  s h o c k  w a v e  in  th e  p h y s ic a l  p la n e  m a y  b e  
d e r iv e d  in  a m a n n e r  s im i l a r  to  th a t e m p lo y e d  in  §4 C h a p te r  II an d  accordingly 
th e  d e t a i l s  c o m m o n  to  th e  d e v e lo p m e n t  o f  b o th  t h e o r ie s  w i l l  b e  o m itte d ,
■4T h e  e q u a tio n  of th e  C c h a r a c t e r i s t i c s  o f  th e  in c id e n t  s im p le  w a v e
i s  g iv e n  b y  (1 . Z* 7) an d  t h e r e f o r e  th e  q u a n tity  ) w h e n  ta k e n  o n  th e
8
sh o c k  lo c u s ,  w h e r e  r e la t io n  (6 - 3 . 2) i s  a p p lic a b le ,  y ie ld s  th e  r e la t io n
(6 . 3 . 3) { X - X(A)} {"*^A * { t  * T(A
w h ic h  c o r r e s p o n d s  to  ( 2 .4 .  3) w h e n  t e r m s  o f  o r d e r  th e  cu b e  o f  th e  sh o c k  
s tr e n g th  a r e  n e g le c t e d .
T h e  f i r s t  o r d e r  d i f f e r e n t ia l  e q u a tio n  c o r r e s p o n d in g  to  ( 2 .4 .  6) w h ic h  
d e t e r m in e s  t « t - L  o n  th e  s h o c k  lo c u s  a s  a  fu n c tio n  o f  th e  p a r a m e te r  6 
i s  th en  g iv e n  b y
.  g-iA. 4 J d l ' r  = . â l  .2 2 6A. 2 ’  “  '
w h ic h  m a y  b e  w r it t e n  m o r e  c o n v e n ie n t ly  in  th e  fo r m
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rYl 1 . 3 - y  „ ■ , dt , yS-1 dA— dF
(6 .3 .4 )
b. where F(6) « [X(A) - - (■^~A - { T(A) - ] .
The corresponding solution for X  on the shock path may then be 
determ ined from  the relation d x -  |{t)dt. The two se ries  provide a 
param etric  representation for the shock locus in the physical plane.
In following sections, the solutions obtained from  (6. 3.4) w ill be re fe rred  
as being derived by the *‘p resen t m ethod”.
§4. THE FORMATION OF A SHOCK WAVE.
(a) P aram etric  Solution. The motion of the piston is  assum ed to 
be governed by the relation
Xp = X{tp) ,
where X satisfies the conditions (1. 2.10) supplemented by the condition 
> 0 ,
”1*which ensures that the shock wave is  form ed on the leading C characte ristic  
of the simple wave and the notation is  used to denote the nth derivative
of X(t^) taken a t the origin. The simple wave is  described by the equation
(6.4. Da. % = x ( y  + (Ug  ^1- c ^ j ( t - y
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coand throughout th is region p e p  » — . The co-ordinates of theo Y*1
in itial point of the envelope of the O ch a rac te ris tic s  a re  given by 
(1, E. 16) and a re
^ 2 c
b# X
(Yi-l)X
o
The flow-field in the physical plane is  shown in F igure 9. F o r any 
point in the simple wave domain, the partic le  velocity and velocity of 
sound a re  given in te rm s of the function X by
(6.4. E) u -  X(t ) , c æ c 4 X(t ) .SW p  SW o E P
In o rd er to apply F orm  A# we require firs tly  to express the param eter
t in te rm s of one of the flow quantities of the simple wave. We choose P
to determ ine t a s  a function of u . Assuming that X it ) hasP SW ^ ' p
continuous derivatives to the fifth o rd er, the function may be expanded 
as a power se rie s  in the p aram ete r t to te rm s of o rd er five, that is
,6 .4 .3 ,  c
where the te rm s involving X(0) and X " a re  %ero a s  the piston 
s ta rts  from  the origin with sero  velocity.
The above expansion fo r X(t^) is  employed since we a re  concerned 
only with the in itial stages of the form ation of the shock wave which 
depend only on the in itial stages of the motion of the piston. If this
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e x p r e s s io n  la  n ow  d if f e r e n t ia te d  w , i% t  t  th en  on tio m g  ( 6 , 4 , 3 ) ,  w e  m a yP
w rite
( 6 . 4 . 4 )  u  = t  + t  + t   ^ - ^ r -  !- t  ' * - 4 - '  + 0 ( t  •SW p p 2! p 3! p 4&! ' p
F o r  s u f f ic ie n t ly  s m a ll  v a lu e s  o f  t  , t h is  s e r i e s  may b e  in v e r te d  to g iv e  
1; as  a fu n c tio n  o f  u  * A f te r  s o m e  m anipulation , we o b ta inp SW
(6.4.5)  t  a a .u  4 a u   ^4 a _ u   ^ 4 a  ,u   ^4 0(u ,p 1 aw 2 SW 3 SW 4 sw sw
i  t s l ^ y  X'w h e r e  a  j I  ' t ^ \  a- 2{ " 2{ s ‘^ }  " 6{ X^“‘}
and  a  « « s i i ü i i
2 4 { # } "  % 2 { x ( : y  ■
On s u b s t itu t in g  fo r  t  in  t e r m s  o f  u  fr o m  ( 6 .4 .  5 ) , i t  i s  found  th a tp sw
X (t ) m a y  th e n  b e  w r it t e n  a s
( 6 . 4 . 6 )  x ( y  = + b g u j  4 ,
b  i b  = a  a„i  2 2 i  6» ow h e r e
^ 2a ,  a,, » .  „{4)
and b , = - - i ~  -!• !- ~  + ~
C o n se q u e n tly , a f t e r  s o m e  a lg e b r a ,  w e  m a y  w r it e
( 6 . 4 . 7 )  X(t^) - + c^^)tp = - 4 bJH
;00
where f, = '  i f e
and q - T ' s '  % ' ' 4 - i & S  •
T h e points x  and  t a r e  g iv e n  b y  ( 6 .4 ,  l)b* and hence: * m  xn
2k(6 .4 .8 ) X - (u 4 c )t si‘r T ~ t  um  sw  0w  m  2 k - i  m  sw
On s u b tr a c t in g  (6 . 4 . 7 )  f r o m  ( 6 . 4 .  8) ,  w e  th e n  o b ta in
( 6 , 4 - 9 )  { X (t  ) - ( u  4 c  )t } - { x  - ( u  4 0  )t } » f  u  ^ 4 f u ^4£.,u' p  sw  sw  p  m  sw  sw  m  1 sw  2 sw  3 sw
5
sw  *
s in c e  th e  c o e f f i c ie n t  o f  u  m a y  b e  sh o w n  to  b e  identically laero.sw
F r o m  Form  A i t  i s  d ed u c e d  th a t th e  v a lu e  o f  a  w h en  taken a lo n gsw
th e  sh o c k  lo c u s  is  g iv e n  in t e r m s  of the p a r a m e te r  6 by th e  fu n c tio n  A(6),
d e f in e d  b y  equation (6 , 3 , 2)b. w ith  S . now ta k en  to  b e  s:ero* T h e  v a lu e  o f
u ta k e n  a lo n g  th e  shock lo c u s  i s  th e n  g iv e n  by sw
( 6 , 4 ,  iO) (u  ) ^ ( a  ) -  P - A ( ô ) - p  ô^'4 0 ( 6 ^ ) j  ,' sw  aw o o k  o IEkB S
T h e fu n c tio n  F , d e f in e d  b y  (6 . S. 4)b . ? i s ,  in th is  c a s e ,
X'' = C{ 3((t } » { }s
and  c o n s e q u e n tly  fr o m  ( 6 . 4 . 9 ) ,  ( 6 . 4 . 1 0 )  w e  h a v e , a f t e r  s o m e  a lg e b r a ,  
th e  r e la t io n
[&.4.U) :c(5)=-~e^[i + 4 ' ’„5 + 4v,5^-;-0(5 )^] ,
where "j. ,2 k -i 2 S  ,2 k -l . ,- = < — % >*! : 3 ' '2 = T
’'s  13k-!-4 3 2 ,2 k -l , S  ,2 k -l / '- -  = - % â -  - % r ( n r % )  '  r < — •1 1
as Sliming tliat the motion of the piston is  such that ^ 0
Equation (6. 3. 4)a. may now be used to determ ine the param etric  
representation for t  as a function of the param eter 6 subject to the 
in itial condition t ^ 0, 6 = 0 ,
It is  easily shown from  (6. 3. 2 )b ., (6. 4,11) together with the relation 
g à î-ô), that:
v-î-'J 3« V * 6k-f2 2 3(6 ,4 .12) (1) 1 -0 (8 ) ]  ,c, d, O
(ii) c -F 0(0^)] ,dô k  0 4k
(m ) If = - 1 V ,5  + V ,^5  ^ -I- 0(6^)]
When the above quantities a re  substituted into (6. 3.4)a. and the term s 
rearranged  slightly, the following differential equation is  obtained,
 ^ . . .  V
1  [j .5. 4 0 ( ô ’^ ) i r « ” [ l  4  (I-FV^)Ô î- {v ^ l-v ^ l-^ ^ )ô ^  t  0(0'^)] .
o
When the in itial condition is applied, the solution of tins equation, 
significant to the o rder considered here , is seen to be
(6.4.13) t s= t [1 4 10. 6 1- p. 5^  -i- 6^  -r 0(5^}] ,
2k kwhere w., ,,  "_ ?' ’'o • K-, = TZTTTiT'T^ ''J'X+v„)
_ _ 2 k _ J ^ ^  ■ k+4 ,
aira |o.g « g j^ k - l )  5^ ' ' l  ^''2 ' *'3 " 9k ‘ '
T he c o r re sp o n d in g  so lu tio n  fo r  % on th e  sh o ck  lo c u s  i s  th en  found f ro m  
th e  re la t io n  dx(6) = |( ô )  dt(Ô) and  i s
( 6 .4 .1 4 )  X = X [1 4 p 6 4 4 ™ ) 0 ^  -F ((1,^  '»"T(Ao)6 1- 0 (6  )] .m  A ' £.j Z* w
E q u a tio n s  (6. 4 .1 3 ) ,  ( 6 .4 .1 4 )  p z w id e  a  p a r a m e tr ic  r e p re s e n ta t io n  f o r  th e  
path of the  sh o ck  in  th e  p h y s ic a l  p la n é . The so lu tio n  to  th is  p ro b le m  
f ro m  th e  * s im p le  wave* a p p ro x im a tio n  yields p re c is e ly  th e  relations 
g iven  above  e x c e p t th a t  th e  t e r m  Involv ing  6*^  is  a b s e n t.  O u r r e s u l t s  
in d ic a te  th a t  to  th is  o rd er, the  in i t ia l  s ta g e s  p r o c e s s  ox fo rm a tio n  depend
in  a  s e n s i t iv e  way on the  in i t ia l  v a lu e s  of the d e r iv a t iv e s  of X (t ) up toP
and  in c lu d in g  th a t  o f th e  f if th  o r d e r .
(b) D is c u ss io n  of th e  so lu tio n .
To i l lu s t r a te  th e  n a tu re  of th e  c o e ff ic ie n ts  in v o lv ed  in  (6. 4 .1 3 )  and  
to  m ak e  a  com parison w ith  th e  c o r re sp o n d in g  so lu tio n  p re d ic te d  b y  shock* 
ex p an s io n  th e o ry , i t  is  su ff ic ie n t to  c o n s id e r  th e  c a s e  w hen th e  m o tio n  of 
th e  p is to n  is  g o v e rn ed  by  th e  e q u a tio n
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X (t)P ^ P 6 P Î
•where X > 6 1
The derivatives identically eero and the
coefficients of the powers of 6 in (6 ,4 .13) may be put into a m ore
tractab le form* If ir is  a  param ete r defined by
,2k -1 * X'
•  '  ( l? v =  ■
then afte r some algebra the coefficients p. , I may be w ritten as
2 ,2 ]4 i . 1 ,2kH , kFZ .  2-C6.4.15) ("""'g' " - v) I " % (—^   ^ *
14 , 3-k 2 3.«F ir -  IT ] .45k 6k •*
The quantities p,,, p .  obtained from  shock-expansion theory which 
correspond to a re  derived in Appendix II and are
-  -  (2kFl)(3ktl) . 4kM3 . 3-k 2 3(6 .4 .i6 J  S  — 2----- - Z o T ^  ~Sk ^ '15k
Our resu lts  show that the shock wave s ta rts  a t the point (x , t ) with an
'  42)-m  m3 k Xin itia l velocity c , and in itial acceleration, |  =7:tr~Tr7^ rT* r T ^  and o  ^ ( 2 k - 1 )(2k ! 1 -kw)
an in itia l rate of change of acceleration
i; 27k^{  ^ f 2kFl F (k+2)v - Skv"^ ,g = — — --------------- •— ] .
1) ■ c 2k i- i  - ktro
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W hen th e  a c c e le r a t io n , o f  th é  p is to n  i s  c o n s ta n t , th e n  ir = 0 , an d  th e  
a b o v e  q u a n t it ie s  w h e n  k = 3 , h a v e  v a lu e s
* *» .** r 'sr^^K ^§1,0 , ^ = 0. 772 ^ c 21,87 .^ o co
T h e s e  v a lu e s  c o r r e s p o n d  exactly w ith  th e  o n e s  d e r iv e d  f r o m  shock- 
e x p a n s io n  th e o r y  an d  * s im p le  w ave* th e o r y . T h is  i s  not s u r p r is in g
3a s  th e  coefficient o f  6 a f f e c t s  o n ly  th e  d e r iv a t iv e s  ox th e  s h o c k  v e lo c i t y  
h ig h e r  th an  th e  th ir d  o r d e r .  D is c r e p a n c ie s  o c c u r  in  th e  s o lu t io n s  p r e d ic te d  
b y  e a c h  o f  th e  th r e e  a p p r o x im a te  t h e o r ie s  w h e n  th e  fo u r th  d e r iv a t iv e  
i s  c a lc u la te d i In th e  * s im p le  w ave* a p p r o x im a tio n  i s
id e n t ic a l ly  zero. T o  in v e s t ig a t e  th e  v a r ia t io n  in  th e  v a lu e s  o l  
w h e n  o b ta in ed  b y  th e  p r e s e n t  m e th o d  an d  s h o c k -e x p a n s io n  th e o r y ,  i t  is  
s u f f ic ie n t  to  e x a m in e  th e  d if f e r e n c e  ^ -  u * F r o m  ( 6 . 4 , 1 5 ) ,  { 6 , 4 , 1 6 ) ,  
i t  i s  s e e n  th a t
(  Ek-r 1 ) ( k r  1 ) . 4k* 1 1
F o r  a  g iv e n  v a lu e  of k * u-. Is u l in e a r  fu n c tio n  o f  v , In g e n e r a l ,
w h e n  ir i s  n o t zero, an d  Ug m a y  d i f f e r  s ig n if ic a n t ly .  H o w e v e r , if
2(2k4i)(kM) -ir «  th e n  an d  a r e  o f  th e  s a m e  o r d e r  ox
m a g n itu d e . In T a b le  S th e  v a r ia t io n  of i s  in d ic a te d  for v a lu e s  of
TT i n  th e  in te r v a l  -0, 2 <  tr <  0* 3 with k = 3. W hen th e  a c c e le r a t io n  o f  
of tlie p is to n  is  c o n s ta n t .
;os
‘^ 3 2(5k-i- 2)
Fg 3{3k4 i)
Thus as  k increases through the in te rv a l 't l ,  oo) , fzr- decreases1^ 07 10 monotonicaUy from  ^  to ™  »
Although the discrepancy in the coefficients , {a^  is  of the o rd er
of iB %  i the effect on the value of t  on the shock locus for a given value
of 5 < 0* 62 will be considerably reduced as each coefficient w ill be
3m ultiplied by the factor 6 ♦ Table 6 indicates th is effect. The values 
of t , as  predicted by each of the tliree approxim ate theories, a re  
calculated for a range of values of d # The resu lts  a re  shown graphically 
in F igure 26. It is  su rprising  to note that even when the value of 6 is 
as large as 0, 6, the relative variation  in t as  obtained from  the p resen t 
method and shock-expansion theory is  le ss  than one p e r cent. The ' 
corresponding variation in the values of t when calculated from  the 
* sim ple wave* approxim ation and shock-expansion tîieory is  of o rder 
-7%  , illustrating  the increasing im portance of the te rm s of o rd er 6^, 
The * simple wave* approxim ation is , however, in good agreem ent with 
both the p resen t method and shock-expansion theory for values of ô < 0 .4 . 
H shock-expansion is  regarded as a standard, then the * sim ple wave* 
approximation overestim ates the ra te  of growth of the shock wave whilst 
the p resen t method slightly underestim ates this quantity.
gs. THE DECAY OF A SHOCK WAVE.
(a ) S o lu tio n  fo r  th e  s h o c k  lo c u s .  T h e m e th o d  o f  so lu t io n  f o r  th e  d e c a y  
o f  a S h o c k w a v e  by a  s im p le  r a r e fa c t io n  w a v e  i s  i l lu s t r a t e d  h e r e  for th e  
s p e c ia l  c a s e  w h e n  th e  m o t io n  of th e  p is to n  i s  u n ifo r m  a t  a l l  t im e s  e x c e p t  
a t  t  = 0 w h e r e  th e  v e lo c i t y  of th e  p is to n  i s  d is c o n t in u o u s . In p a r t ic u la r ,  
w e  a s s u m e  th a t th e  p is to n  i s  a c c e le r a t e d  in s ta n ta n e o u s ly  f r o m  r e s t ,  a t th e  
p o in t  X = , to  a  c o n s ta n t  v e lo c i t y  , th u s  p r o d u c in g  a s h o c k  w a v e  o f
c o n s ta n t  s tr e n g th  P .  w h ic h  a d v a n c e s  in to  th e  g a s  a t  r e s t  w ith  c o n s ta n tX
s p e e d  | ( H ) .  A f t e r  a  f in it e  t im e  t  = t  , th e  p is to n  i s  su d d e n ly  s to p p eda
an d  th e  r e s u lt in g  s im p le  w a v e  i s  point-centred a t  th e  o r ig in ,  ta k e n  fo r  
c o n v e n ie n c e  a t  th e  p o in t w h e r e  th e  m o t io n  o f  th e  p is to n  c e a s e s .  The 
su b se q u e n t  b e h a v io u r  o f  th e  H o w - f ie ld  i s  a s  d e ta ile d  in  C h a p te r  I t  
an d  i s  d e p ic te d  in  F ig u r e  8 . T h is  p a r t ic u la r  p r o b le m  h a s  b e e n  s e le c t e d  
fo r  th e  tw o  following r e a s o n s :
( i)  th e  r e s u l t s  o f  C h a p te r  IV m a y  b e .u s e d  as a c o n v e n ie n t  * standard*  
b y  w h ic h  to  a s s e s s  b o th  th e  p r e s e n t  a p p r o x im a te  th e o r y  an d  s h o c k -  
e x p a n s io n  th e o r y  in  a d d it io n  to  th e  * s im p le  w ave* theory.
( i i )  e v e n  w h e n  th e  in c id e n t  s im p le  w a v e  i s  n o t  p o in t - c e n tr e d  n o  
e s s e n t ia l l y  -n ew  f e a t u r e s  a r i s e  in  th e  a n a ly s i s .  T h e  p r o c e d u r e  i s  s im i l a r  
to  th a t e m p lo y e d  in  th e  s e q u e l  a n d , a s  in  th e  p r o c e e d in g  s e c t io n ,  i t  i s  
a s s u m e d  th a t th e  m o t io n  o f  th e  p is to n  m a y  b e  r e p r e s e n te d  by a T a y lo r  
s e r i e s  e x p a n s io n  in  th e  p a r a m e t e r  t  , T h e r e  i s ,  h o w e v e r ,  a  certa in
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a m o u n t o f  a lg e b r a ic  d e t a i l  which th e  a u th o r  f e e l s  w o u ld  te n d  to o b s c u r e  th e  
s im p l ic i t y  o f  the m e th o d  o f  s o lu t io n  f r o m  F o r m  A.
T h e e q u a tio n  o f  th e  G c h a r a c t e r i s t i c s  o f  th e  s im p le  w a v e  i s
" l  '“l  w h e r e  p . = _ _i  2 y^i
C o n s e q u e n t ly , th e  fu n c tio n  F d e f ih é d  b y  (6. 3 .4 )b . i s  g iv e n  b y  the simple 
r e la t io n
(6 , 6. i )  F {6) = -  A (6 ) * p^}
where A{6) = c [1 -i- “ Ô - '^5^ 4- 0(6^)]
6k
6k
dî^On substituting fo r  "  f r o m  (6* 5 . 1) in to  (6 ,3 ,4 )a * , th e  d i f f e r e n t ia l  e q u a tio n  
f o r  t im e  t  on  th e  shook locus a s  a  fu n c tio n  o f  th e  p a r a m e t e r  6 i s  fou n d  to  be
r:s± lA ,& -ij3  - h  — -t 2 2 ‘■^1 î" •' d5 2 d5 2 d.6 ■
w h ic h  r e d u c e s  to  th e  h o m o g e n e o u s  e q u a tio n  in  t
(6* 5. Z) A - *â^..  ^ l i  &  4 t  = 0 *
w ith  in i t ia l  c o n d it io n , t  = t  , 6 = 6 .n  n
9
dt d tF r o m  (6 . B* 2) th e  q u a n t it ie s  (™ ) , (— r) ca n  b e  q u ic k ly  c a lc u la te d  and
,2  ,3  ”M. ÎC iâ ^th e  d e r iv a t iv e s  (•— ^-) , d e te r m in e d  to  the s ig n if ic a n t  o r d e r  in  Ô .
dt"" &tn  n
S in c e  A (5 ) = q , w e  h a v e  im m e d ia te ly ,XI 1
(6. 54 3) a. ^ ^  ^ ^ *
n  n
d^tOn d if fe r e n t ia t in g  (6 . 5* Z) w . r* t  6 , w e  th e n  fin d  that (— r ) i s  d e te r m in e d  b y
d6^ n
h  ->■ “ V  A   ^ H th .) ( f  ) - é  ] ( § )  ' A )  = 0 .
dô n  n  n  don  n
F r o m  r e la t io n s  (6 . 2* i )  and  (6 . 5 .1 ) , w e  o b ta in  the fo l lo w in g  e x p a n s io n s  in  
th e  p a r a m e te r  6^  ^ ,
^ 2
('*1 ■*■ " V " ^ ' " ^  ®n '  ’o n
= 2 c  -  Ô + . 5 ^ 6  ^ 4  0 ( 0  ^)]  ,2 dô o   ^ n  4 k  n  n  ^n
m A )  + 0 (6 ^ ') ]  .
dô' n
ss  ^c [i - "TÔ 4 '-— 6^ 4 0(6 )] . ^ 'MÔ 'dô o  *• 3 n  3k  n  ' n  '**n n
T h u s f r o m  (6 . 5. 3 ) a , b  w e  have, a f t e r  s o m e  m a n ip u la t io n , th e  fo llo w in g9d t d tr e p r e s e n ta t io n s  f o r  (” ) , in  t e r m s  o f  6 , s ig n if ic a n t  to  theCf.() ~ nn  d5 n
o r d e r  indicated.
Et
(6. 5.
’' 11 n
, A ,  ^ n  r, , k -2  ,. 2  3 , ,b. tr) = f 1 4 TZr 6 i- 0(6 )]\ ^ Z  _ Â  ^ 12k SI ndo 011 XI
On th e  sh o c k  lo c u s ,  d x  = c { l4 ô )c it  an d  c o n s e q u e n tly  in  t e r m s  o f  th e  a b o v e
'■.2 .3d X . d Xq u a n t it ie s  th e  d e r iv a t iv e s  a r e  g iv e n  b y
dt dtn  n
dt n  d t dô nn  n  n
th a t IB,
,2^  c 6 p .j.
(6 . 6» 5) [ l  -  v  Ô 4 0 ( 6  ^)], 2 2 t  4  n  nd t nn
and
3 3 c  6/jWS% .. [4 _ j& b ig  of 5 ^V|1.3 ' 2 6k n ' n 'd t 4 tn  n
In, th e  n e ig h b o u r h o o d  o f  th e  in i t ia l  p o in t  o f  d e c a y  o f  th e  sh o c k  w a v e , th e  
sh o c k  lo c u s  in  th e  p ly  s i c a l  p la n e  i s  th u s  g^iveu b y
a
n
.... nw n e r e  T ,t n
1- 0(T*)]
t  -  t
K-x s e t  td-l-S )T -  ~  { 1  -  4  5 ‘^ +0(5 )^} -I- ~^{i  - 1 ^ - 5  -i- 0 (6  "*)}n  on*" n  4  4  n  n  8 o k  n  ' -  ■
4.
T h e CO3?r e sp o n d in g  s o lu t io n  f o r  ) y fr o m  th e  * s im p le  w ave*
dt dtn  n
a p p r o x im a tio n  m a y  b e  determ ined a s  a b o v e  except th a t th e  function A(ô) 
w i l l  b e  r e p la c e d  b y  cy^(6) up  to  an d  including t e r m s  o f  ord er tw o  in  6 .
It i s  th e n  s e e n  th a t those q u a n t it ie s ,  to  the s ig n if ic a n t  o r d e r  in  6 , are 
g iv e n  b y
,2 c 6 3 3c 6
(6, B.« 6) «5 « -g 0 (6  ')] t g. 4- 0 (6  )] #
dt^ ”■ âi- 4t "n n n
F o r  the p u r p o s e  o f  com p »arison  of r e s u l t s ,  the above in i t ia l  d e r iv a t iv e s  
h a v e  b e e n  c a lc u la te d  on  th e  b a s i s  o f  S h ock -B u jp a n sio n  theory, the d e t a i l s  
b e in g  g iv e n  in  § F  Appendix II. We q u o te  here th e  f in a l  f o r m s ,
c  6
(6* 5.7)
,d X. o n  .  k-4  ^ 3 , 3.^(""vr) U •" "ZT"  ^ 4 0(6 II,^2 2t 2k n ndt nn
3 3c 6,d X. o n  k - i   ^ 2 . 3,
dt'' 4tn n
2  k  n  n
(b) Discussion of r e s u l t s . T h e  in i t ia l  d e c e le r a t io n  of the sh o c k  wav©  
a s  predicted by the p r e s e n t  th e o r y ,  s h o c k -e x p a n s io n  theory and the 
* s im p le  w ave* theory i s  c o m p a r e d  w ith  th e  e x a c t  s o lu t io n  a s  d e te r m in e d  
b y  ( 4 . 4 . 1 0 ) .  A s  i s  noted in Chapter V, F o r m  A Is exact a t  the in itial 
p o in t  o f  d e c a y  o f  th e  shock wave. However, in deriving an  approximate 
p r o c e d u r e  f r o m  F o r m  A only th o s e  t e r m s  o f o r d e r  up to  and  including the
SI A
cu b e  o f  the s h o c k  s tr e n g th  a r e  ta k e n  in to  c o n a id e  r a tio n . C o n se q u e n tly , th e
Q Xd i f f e r e n c e  in  th e  v a lu e s  o f  a s  g iv e n  b y  ( 4 . 4 .  40)  and  (6 .  5* 4 ) i s  due
d r  ^
to  th e  e f f e c t  o f  h ig h e r  o r d e r  terzm s in  th e  s h o c k  s tr e n g th . In T a b le  7  
so m e  n u m e r ic a l  v a lu e s  o f  th e  in i t i a l  d e c e le r a t io n  o f  th e  sh o c k  wave a s  
p r e d ic te d  b y  e a c h  of th e  th r e e  a p p r o x im a te  t h e o r ie s  to g e th e r  w ith  th e  e x a c t  
solution a r e  sh o w n  f o r  a  range o f  v a lu e s  o f  6 < 0. 7, w ith  th e  a d ia b a t ic  
index, y - 4 * 4 .  F ig u r e  2 6  i l lu s t r a t e s  th e  g ra p h  o f  th o s e  r e s u l t s .  On the
s im p le  w ave* a p p r o x im a tio n , th e  in i t ia l  d e c e le r a t io n  o f  th e  sh o c k  w a v e
i s  a  l in e a r  fu n c t io n  o f  6 and  we o b s e r v e  that th is  th e o r y  o v e r e s t im a t e sn
th e  r a te  a t  w h ic h  th e  v e lo c i t y  o f  th e  sh o c k  w a v e  d im in is h e s  a t  th e  in it ia l  
p o in t o f  d e c a y . It i s  s u r p r is in g ,  h o w e v e r , to  n o te  th a t s h o c k -e x p a n s io n  
th e o r y  u n de r e  s t im a te  s  th é  in i t ia l  d e c e le r a t io n  o f  th e  s h o c k  w a v e  b y  a  
m a g n itu d e  of the s a m e  o r d e r  a s  th a t b y  w h ic h  th e  * s im p le  w ave* a p p r o x i­
m a t io n  o v e r -e s tâ m a te s  i t .  T h e  s o lu t io n  a s  d e te r m in e d  b y  th e  p r e s e n t  
m e th o d  i s ,  a s  e x p e c te d , in  c l o s e r  a g r e e m e n t  w ith  th e  e x a c t  s o lu t io n  th an  
e i t h e r  of th e  o th e r  tw o  a p p r o x im a te  t h e o r ie s .  However, e v e n  when 6 
h a s  a v a lu e  a s  la r g e  a s  0 . 7 , c o r r e s p o n d in g  to  a  p r e s s u r e  d if f e r e n c e  o f  
2. 6 7 6 ,  th e  s o lu t io n s  fr o m  th e  a p p r o x im a te  t h e o r ie s  d i f f e r  f r o m  th e  exact 
so lu t io n  b y  a m o u n ts  w h ic h  a r e  l e s s  th a n  i Q %  î m o r e  p r e c i s e l y ,  w ith  th e  
* s im p le  w^ave* a p p r o x im a tio n , th e  d is c r e p a n c y  i s  o f  o r d e r  9"% , w ith  
s h o c k -e x p a n s io n  th e o r y ,  -  8 %  , and w ith  the p r e s e n t  th e o r y , -  4 % ,
t i l  T a b le  8 so m e  n u m e r ic a l  v a lu e s  a r e  sh ow n  fo r  th e  in i t ia l  r a te  
o f  c h a n g é  o f  d e c e le r a t io n  o f  th e  s h o c k w a v e  f o r  th e  ran ge - of v a lu e s  o f  
Ô , 0 < 6 < 0 .7 . F ig u r e  Z1 i l lu s t r a t e s  the graph o f  t h e s e  r e s u l t s .
W e n o te  th a t th e  in i t ia l  r a te  o f  c h a n g e  o f  d e c e le r a t io n  o l  th e  sh o c k  w a v e  
w h e n  c a lc u la te d  f r o m  th e  p r e s e n t  th e o r y  i s  s l ig h t ly  l e s s  th an  th a t  
p r e d ic te d  by s h o c k -e x p a n s lo n  th eo ry *  "When 6 *? 0* 6» t h is  d if f e r e n c e  
a m o u n ts  to  3 ^ ^ . H o w e v e r , w h en  c a lc u la te d  fr o m  th e  * s im p le  w ave*  
a p p r o x im a tio n , th e  in i t ia l  r a te  o f  c h a n g e  o l  d e c e le r a t io n  o f  th e  sh o c k  
w a v e  i s  a  l in e a r  fu n c tio n  o f  6 , an d  i s ,  f o r  6 ^ 0. 3, s ig n if ic a n t ly  
g r e a t e r  th a n  th e  v a lu e s  p r e d ic te d  b y  e i t h e r  o f  th e  th ir d  o r d e r  t h e o i i e s .  
F o r  e :m m p le , f o r  6^ = 0 , 3 , th e  d i f f e r e n c e  in  th e  c a lc u la te d  v a lu e s  i s  o f  
o r d e r  6^ % w h i ls t  f o r  6 « 0 - 6 ,  th is  q u an tity  in c r e a s e s  to  3 6 % ,  w h ic h  
in d ic a te s  th e  im p o r ta n c e  o f  th e  th ir d  o r d e r  t e r m s  in  th e  s h o c k  s tr e n g th .
F r o m  Tables 7 and  8, o n e  may in f e r  th a t th e  * s im p le  w ave*  
approximation fo r  the in i t i a l  deceleration o f  th e  sh o c k  w a v e  i s  r e la t iv e ly  
a c c u r a te  over the observed r a n g e  of v a lu e s  o f  6 * H o w e v e r , th is  theory 
c o n s id e r a b ly  o v e r e s t im a t e s  th e  r a te  a t  w h ic h  th e  s h o c k  w a v e  w e a k e n s  f o r  
v a lu e s  o f  6^ > 0 . 3 . T h e  p r e s e n t  th e o r y  sh o w s  g o o d  a g r e e m e n t  w ith  th e  
e x a c t  v a lu e  o f  th e  in i t ia l  d e c e le r a t io n  o f  th e  s h o c k  w a v e  in  th e  in d ic a te d  
r a n g e  o f  v a lu e s  o f  6 . M  f a c t ,  in  t h is  r e sp e c t#  i t  i s  m o r e  a c c u r a te  th an  
s h o c k -e x p a n s io n  th e o r y .  W ith  r e g a r d  to  th e  in i t ia l  r a te  o f  ch a n g e  o f  
d e c e le r a t io n  o f  th e  s h o c k  w a v e ,  b o th  t h e o r ie s  p r e d ic t  s im i la r  n u m e r ic a l
- 243 -
résu lta . The ©naiyéia auggesta that although the p resen t theory may foe 
regarded as a simple extension of Friedrichs* theory. It is  nevertheless 
com parable with ahock^'expansion theory* However, even tîiough the 
p resen t theory 1ms the advantage that i t  p red icts the co rrec t expansion 
(to th ird  o rder terms} fo r the in itial deceleration of the shock wave, it 
p o ssesses the disadvantage that it  i s  not uniformly valid over the whole 
h istory  of the shock wave*
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TABLE 1
tr ^2
Percentage
Difference
0 1 1 0
1/9 1.15,0 1.14,9 0.07
2/9 1.30,9 1.30,0 0.721/3 1.48,7 1.45,2 2. 34
4/9 1.69,5 1.60,6 5. 20
5/9 1.94,6 1.76,2 9.452/3 2.26,5 1.92,7 15. 00
^ , Ao denote respectively the values of (— ) as predicted Hy the
n
cr
?re sent method and the ' simple wave y approxima tion
Figure 16
T A B L E  2
Percentage Percentage
Ê(N) 2 orn “ 2 «3
Difference: Difference
n F ried richs Int. Eqn.
1.149 1 .2 0.191 10.86,7 10. 87,2 10.89 ,8 0. 28 0.05
1.369 1,5 0.454 '1. 80* 4 4. 80,8 4. 86,7 1. 31 0,08
1.587 1 .8 0. 698 3 .2 6 ,3 3. 26, 6 3. 34,2 2.42 0.09
2, 019 2. 5 1. 224 2 .0 1 ,5 2. 02.7 2 .1 3 ,8 6.12 0.60
2.449 3.0 1. 577 1 .6 3 ,8 1. 66,1 1 .78 ,3 8.86 1.41
Exact value of 1 -dt. t  M r' from  the in tegra l equation.n
i clt: Value of from  the presen t method derived from
n
the in tegral equation.
1 dt: Significant value of •* —  (— ) from  the * sim ple wave*
n n
approxima tion.
TABLE 3
zcn
2c A B 2cn 2c A B
1.2 1.02 98, 50 83. 41 2.5 1,15 88. 80 62. 08
<r c^ l9 1n 1.06 10.99 10.19 or » 1, 224n 1. 45 10. 20 8.26
1.10 3.97 3, 72 1, 60 3. 75 3.34
1 . 14 2.03 1,90 2. 07 1.96 1.91
1.18 1.23 2. 22 2. 35 1,22 1.20
1.5 1.05 96. 31 77.67 3.0 1.2 85.00 60.17
0- » . 454 n 1.15 10.81 9.08 (T c l ,  577n 1.6 9.89 8.271.25 3.92 3.49 1.8 3, 66 3. 37
1,35 2.02 1.89 2.4 1.93 1,88
1.45 1.23 1.21 2.8 1.20 1.21
1,8 1.08 94, 00 68.01
cr cs, 698 n 1.24
1.40
1.56
1.72
10. 62 
3.88
2. 00 
1.23
8.65 
3,41 
1.87 
1.20
A  ; s ig n if ic a n t  v a lu e  o f  <— ) o b ta in e d  fr o m  th e  * s im p le  w ave*
n
approxim ation.
tB Î value of (“ ) obtained from  the c losed  form  of the
* s im p le  w ave* a p p r o x im a tio n .
TABLE 4
1.
G 2c 2c A On __________ ___________
1.020 98.50 99.10 2. 5 1.150 88.80 132. 80
1.022 79.78 80.27 1. 667 72.01 107. 65
1.02S 63.04 63.42 1.189 57.02 85. 31
1.033 35.49 35.71 1.230 32. 29 ,48. 06
1.060 10.99 11.04 1.450 10.20 15.11
1.100 3.97 3.98 1.600 3.73 S. 34
1,140 2.03 2.03 2.070 1.96 2. 55
1.180 1.23 1.23 2. 350 1. 22 1. 38
1.200 1 1 2.500 1
1.050 96.31 100.42 3.0 1.200 85.00 169.00
1.055 78.60 81.32 1.222 69.01 137.05
1.062 61. 63 64.29 1.250 53.86 108. 67
1.083 34.78 36. 25 1.333 31.02 61.19
I.ISO 10.81 11.24 1.600 9.89 19 .44
1.250 3.92 4.05 1.800 3. 66 6. 85
1. 350 2.02 2.06 2.400 1.93 3.19
1.450 1.23 1.24 2.800 1.20 1. 51
1. 500 1 1 3.000 1 1
1.080 94.00 105. 20
1.069 76. 30 85. 37
1.100 60.29 67. 52
1.133 34.02 38.05
1.240 10,62 11.85
1.400 3.88 4.13
1.560 2.00 2.14
1.720 1.23 1.26
1.800 1 1
A î aignificant value of (—  ) obtained from  the * ai:
n
approximation, 
tG î value of {— ) obtained by the p resen t method, 
n
wave
TABLE 5
îc î* 3  tt
0. 20 0. 839, 3 0.470,9 0.068.4
0.15 0. 548,8 0.480,2 0.068,6
0.10 0.360,5 0.491.8 0.068,7
0. 05 0. 573.6 0. 504,7 0.068.9
0 0.886,9 0.517,8 0.069,1
0. OS 0.601,6 0. 532,3 0.069,3
0.10 0.614,7 0. 545,2 0.069,5
O.IS 0.626,4 0. 556,8 0.069,6
0. 20 0.635,9 0. 566,1 0.069,6
0.25 0. 642,4 0. 572,4 0.070,0
0.30 0.645,0 0. 574,8 0.070, 2
TABLE 6
p 6 à z ^3
0 0 1 1 1
0.175 0.1 1.149,7 1.150,3 1.150,3
0. 367 0.2 1.287,8 1.292,5 1.291,90. 675 0. 3 1.414,1 1.430,0 1.429,10. 800 0.4 1.528,8 1.566,4 1.561,91.104 0. 5 1.632,0 1.705,4 1.696,8
1.300 0.6 1.723,3 1.850,2 1.835,3
1.675 0.7 1.803,0 2.004,5 1.980,8
» 6 and ^ denote respectively the values of (•;—) as 2 3 t_ predicted
by the • simple wave* approximation. the present method and shock-
expansion theory.
ù'« Û'X J Ô-A
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TABLE 7
p 6 Û3 ^3 ^4
0 0 0 0 0 0
0.175 0.1 0. 05 0. 05,0 0. 50,0 0.05,00. 367 0.2 0.10 0.09,9 0. 09,9 0.09,90. 675 0.3 0. 15 0.14,6 0.14,5 0.14,70. 800 0.4 0. 20 0.19,2 0.18,9 0.19,41.104 0.5 0. 25 0. 23,4 0. 22,9 0.23,91.300 0.6 0. 30 0. 27,3 0. 26,4 0.28,0
1.675 0.7 0. 35 0. 30,7 0. 29,3 0.32,0
tn ^2^A . » » A , and A . denote respectively the values of - — (——)% ù “”3 4 C _ 2o dt n
as predicted by the ' simple wave* approximation, the present method, 
shock-eaqwinsion theory and first order perturbation theory.
F i g u r e  26
TABLE 8
p 5 à i ^ 2 ^3
0 0 0 0 0
0. 175 0.1 0. 07,5 0.07,4 0. 07,4
0. 367 0.2 0.15,0 0.14,6 0.14,6
0. 675 0.3 0. 225 0.21,1 0.21,2
0. 800 0.4 0. 300 0.26,5 0.26,8
1. 104 0.5 0. 37,5 0.30,8 0. 31,3
1. 300 0.6 0. 450 0.33,5 0.34,3
1.675 0.7 0. 525 0. 34,5 0.35,5
* A2 respectively the values of
predicted by the * simple wave' approximation.
n ( ^ )  as dt n
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A p p e n d ix  I A"
§A» (i) < 0 , H > 1d,o
Vtm 4 r  4 -i* M(i) F rom  (1 .4 .15 ), i t  foUowe that 8 « V¥f ** V
.  Û&
dH
f  H + 1  ^ 2H V 2 (m i) ]  
4H V2H(1+Hy
dsHence —, < 0  i£ H > 1 . A l s o ,  i t  is  evident that 8 is  a monotonie dH
decreasing function of H ,
(U) F ro m (i) , s-1 -/ZH V m i (1 + VH)] ,
i.e. S « 1 , if H m 1 .
B-l < 0 if 2 VZH < V 5 ÎÏ  ( i t
Let y % VÎT 1 , then y > 0 if H > 1 , and
s-1 < 0  if 2 (ify ) < (yfZ) 's/z^ByTy^™
ice. s - i  < 0 if 8 (lty )^  < (yl*2)^ (2f 2y4y^) .
On collecting the te rm s in y , i t  is  apparent that s**! < 0 if
y^ (y^ 4 6y i- 6) > Û .
This inequality is  satisfied  since y > 0 and hence s < 1 if H > i  .
Since s is a monotonie decreasing function of H , it follows that if
1 < H  < H then s < e < 1 .«*. -* jj n
Appendix I
§ B. The expansions (3 ,1 . 5)b,
To derive the required expansions it  is  convenient to introduce the p aram ete r
ft0 œ 1 a H i •
Then, in te rm s of 0 , equations (3* i .  3) are
y  (14# )(i * %)
4 ^ A / 6 2 1+8
i 2 1 1 3Hence r   ^ [1 4 ©  ^% 0 4 ~  04 64
r. 3 ,,3 , 15 ^4 g « {1 .  _ e  + —  6 e® + 0(0^)] .
2 3 1 1 2  3 3"T (%r * **l)aCTss0 ©3 2 2 4  16
1 2  1 3 37
Consequently,
i
0 s£T 4 'ÿr"' -  4 4 0(cr ) .
, 3 5 2 5 3 3 4 51 5 6,0- - — <r + — T + — 0- + 0{r ) ,
1 3  1 4  11 5 6,^ = 1+0- 0- + - g g ,  - )
s “  ^ + %28 - 4 ^  + 0(<r ) .
Appendix I C-1
§ C* T h e  e x p a n s io n s  (3* 4 .1 2 ) .
F r o m  th e  fo llo w in g  s e r i e s  e x p a n s io n s  a r e  ob ta in ed :
. . .  , .  . - 1  1 1 1 2  15 3 13 4 5.^( i)  (14  r) * '*128^  4 2 5 6  ^ 4 0(or )] ,
( l+ r F  .  + .
(1 + r#  + .
, , ,  r 2  1 r, , 3 2 31 3 9 4 S.,(l+fg ) s  ~  [1 - e + “ ■ e "54® 32* + ®(® )J •
( V ' )  + .
(r^+B)  ^ = ~ [ i ~ | ’ + ^ -  1 § L | |2 L  1%.. :.| l | , . ~%r..'. .j. o(o'®)3 ,
( . X  = v i  [ 1 + 1  -  § ^ + 4 ^ •
F rom  (3 .1 . 7)a and (i), it follows that ( 3 .4 ,12)a is  given by
9 2 r. 2 , 49 2. , 5,(ii) d r  ^  ^ ‘*‘ ^*^ 288^ i 4 0(<r ) ,
F r o m  (3* 1 . 8 ) ,  [1 + [(r+ e)^ + 2 ] [r + s )^  + 4]^
2 1/2
and consequently ( 3 .4 .12)b is  given by
A  7 2  1 3 ,  57 4. 5,<»M d r = ' 6 4 ' "  - 3 6 " ^  '^  2048'" ) + 0(T ) .
By definition, ^
w(r, 8, r^, 1) % (rH)^ (r^+s)^ (l+r )^**  ^ F(* "I , " ^  , 1 ; p) ,
where p » (r-r^)(S"'l)(l'»r)~^(r^+8)^^
F rom  (i), we obtain;
A p p e n d ix  I  C *2
1 1  ? 2/. V , . .2 , I f .  , cr-3« , 15$ '-6écr-<r(iv) (r+1) (r^+si | i ‘+ r^l ^  + — "—
67s  ^ - 30i 0^" - 6«cr^  + Zcr^
256
^^268$ <^r #,63$ ^(r^+48$(r^+7<r^  ^ 5,- - - - - - - - - - - - j  +  0(<r ) ,
(v) p » ~ T§T cr^ (<r -€ ) t  0(cr®) .
A ls o ,  F(-^-| , '^ '1 » 1 I p> a 1 + * |p  + O(p^) a 1 « ix^((r -€  ) + 0(<r^)
It then follows that (3 .4 .12) is  given by
, .4 if* cr-36 l5«^«6«<r 67$ ^~30« «*6$v^+2<r^w (r, s, fg , 1) = ÿ i  +"-^  + ---------- ---------- ---------—
546«^-286«‘V*.63c ‘^ cr^+60$cr^*-5e'  ^ , 5,,    ] ., 0 (, , .
Now. = r - f i  i hd s  ( y s )  12 ^ ^ Ç 5 ( , ï7 ;p  dp
d w  w  ,.1 ( s # l ) ( l + r  ) d  lo g  F iY l f l ........................................ ........... . I ^ ^ xw.ip4«<4pw$«^ 3w4,,*#!w. I
" •  ' '  ( . . . . » » > !  "■'
where a - l  [ l  ~ -gp  + 0 (p ^ )] « ‘j  [1 + ‘j A s  H  0((T^) .
. . .  ,j O' ISv^.gr# € \ z « ^V + 2€cr^-10cr'F r o m  ( i) î  r— —  %%{v fS ) [1  ^ *r + — —t t " "*’— I'( e + r j( l+ r )  2^ '   ^ 2 64 128 ^
B+ 0((T )^ ,
(e .l) ( l+ r^ )  3 3 5
(;+ Ç (T + W  " ) '
8 w w f .  O' *$ r  15r^-s’c-s ^  \ 2$ c^r+2# lOor S.[1 + {1  ^ -r + — — + -----------TTT------------ }j+ 0(y )8 s 2(r^+s) - 4 2 64 126
8w w r 3 3. .« S.8 Î  “ 2 ( m )  t-' “ 256'" d-o-»-!- 0(<r > .
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3 1 " 3 B 5 H 1 3 -  B(vl) F rom  $Bi —r  - —s - g » -jtr [l » ~ < r  + - 'gjg'" ^  )
1 3 ' „r ,  i  , s a  1 3 .  3 , 61 4,  , „,  5.  s
2 " - g  = + + 4 0 ^ '  I + ) • I
(v i l )  H e n c e  ( 3 .4 .  iZ )c  i s  g iv e n  b y
r .3  1 1. A  3 1. d a , 3 r .  O’ . 19<r^-iB(T€ 296<r^*234<r^e "2 i6 ( re  ^  .a ^ r - j s -  i)w ^+ (-r--0 - ê)w^ — ] = [1 -ÿ .— ------------------------ n n — —  J ::
+ 0((T®) .
T h e  s e r i e s  e x p a n s io n  o f  th e  kernaX o f  (3 . 5 . 8)
S in c e  th e  e x p a n s io n  o f  k^(r^, a^, r , a) i© c o n s id e r e d  o n ly  to  te rm s o f
o r d e r  a m a y  be r e p la c e d  b y  u n ity  w h e n e v e r  i t  o c c u r s  w ith  term ©n %
o f  o r d e r  cr an d  h ig h e r .
A A . * E i  1w(r^*. r , a) » (ri-s^)^ (r^+s)^ (r^+a^) F ( ^  , -g  » 1 I p) @
F r o m  ( i l l )  i t  fo l lo w s  that
1 1  ml
( v i i i )  (r+ B ^ )^ (r^ + s)^ (r^ + a ^ )* ^  % \ / z ( i+ a ^ ) ^  [1 4 2 L lS  6 $ c r - c r
4Alao, from  (v), p « 0(<r )
4a n d  h e n c e  F (p ) »  1 +  0(or )  #
C o n se q u e n tly  w(r^> s » r* a) i s  a s  g iv e n  b y  (v i i i )
8w w .i . dF,8 T "  - ]
3 ÜJSL- w A  . ^^ 0 * dF.
0 r  (3?+s^j ®*2 * (r ts ^ )(r ^ 'f  s )  dp '
67c ^ -30$  \  *6$ <r^f Eo*^  ^ 4.J + 0((T ) ,
A p p e n d ix  I  C~4
dF 1 , 4,where —  » 0((r ) .dp 4 '  '
Z Z_ _ Ow w r. . . iStr'^-cTi »$  ^  ^ 4.Loneequently, ^ 2(ir +6)  ^ " 2  64-------  ^  ^ + 0((r > ,
8w w 4..and "ST = 2 ( g n  )] '
3 1 ^  1 3 ^  d©The te rm  [k^r-^a-A^w + (%r^%8#g)w "rd 1@ then as determ ined by (vii)*■ 2 2 ^ r  2 Z  ^ B dr"*
dk d r 4with w given by (vii). " jj , ~  a re  given to te rm s ol o rd er <r by the
expansions (ii), ( 3 .4 ,12)d. On substituting for the various te rm s th e ir  
respective expansions noted above, we obtain, a fte r some manipulation,
the required expansion for '  k^(r^, s , r , *
3
, , .d r 3 2 r. . Sir»96 2o-\lO<rs- IS . ^"a' " Z V I  V  ~ l i - - - - - - - - - - - - 32----- —
22(t®-3oA - 50(r«\67«^ , 4,•] -i- 0(<r ) .
The expansion (3 .5 . 9)
To te rm s of o rd e r <r ,4 3
$(r+s )'^  s V  (1+r)^”  2 -\fZ~~
3 3^ 3 3 )2 S 3 ^i .e .  (rfB « (i+8 f i  + *7 cr + “ <r »» — r s '  ] + 0(r ) . n ' n *• 4 32 256 '*
Also from  (i), (vi) respectively , 
ml2 J. (T 3 2 3 3.| , 4%(r+s) S3 ^  j[i +—  tr i 4 ) *■
1 'T^ 4 r, 5 5 2 37 3? n, 4 ,(_r - - B  - I )  = —  [1 + ~< r -g ~ < r  cr ] T Ok ) ,
„ 1  1  1
. 3 1 > 3 (T
Appendix I D-1
§ D , W (r, B,  T ^ i  % (v t-s) w (r ,  s ,  r  , a^)
F o r  th e  decay p r o b le m , th e  c l a s s i c a l  H iem a im  fu n c tio n  o f  (3 . 4 . 1 )  is  g iv e n  
b y  (3 . 4. 3 ), if e .
3
V  « ^
w h e r e
'rom  th e  th e o r y  o f  th e  h y p e r g e o m e tr ic  fu n c tio n , i t  m a y  be shown th a t
3 
2 '?
i  ith a t i s ,  i;%) » i  » ) *
B u t, !i«l i(r+s^)(r^+a)
1 1
F ( 4 4 . i i p ) .
(r+s)*^(r^+ 0^)
w h e r e
(r-r^H e-a^)
3 i  i4'WMw
w s  2 ( n - s /c r g + s ) ^
Hence W = ( ™ )  ----------------------- ^<' 20 n -  -
(r+e) (r^+s^)
* I; P)
1. e.
w h e r e
W S3 (r + a )w  ,
1 i
l! îlf i!S ! |! . F ( - | . 1 sp) .W £35
F o r the fo r m a t io n  p r o b le m , th e  p r o c e d u r e  i s  s im ila r to  th e  a b o v e  w ith  s = i ,
A p p e n d ix  I
T he d e r iv a tio n  a n d  so lu tio n  of e q u a tio n  (S. 5,13)
ZO n  multiplying equation (3, 6 . 8 ) by (  ^ and then using (3. 5 . 1 2 ), it  
follow s that
3 1
* ( r + s A ( » + s ) ^M(s ) = 1 - I M(<rJ   k.k.a )%: do-.
f - r - e in
" 2 3 1 • ■ 2From  (3. 5. i i )  and the expansions for  (r-^s)'% and
d.3C* A— • noted in PC, we obtain, a<r
3 "1
d r  i  3 3  2 21 3 9 _2
(•JJf - -B - I  )
The in tegral equation (3. 5. 8 ) m ay then be written as
 ^ r  3 3 2 21 3 , 9  2 4 , ,  ^V « i ' *  [ i  + •  — ‘cr '%TT(r + TTT# or • + 0 (or ) j dor .' J  or *- 8  64 256 128 *TnT his equation i s  equivalent to the ordinary differential equation (3. 5 .14 ), 
that is
d$
3 2 4 R 9  4* [f '1 ^ 6  -  4 0 ($ )] M 2? 0  ,
with in itia l conditions:
à  ^ Q % Æ(ii) M(y ) % 1  , M* (or ) a —  [ l  + (r * “ V *- T tr y  + 0 (v )J .'   ^ n ' '  n ' <r *" 8 n 64 n 256 n n ’*n
To solve th is equation, we m ay assu m e a se r ie s  solution o f the form  
00
M(e ) = S a  , a =1 .
r= 0  °
APi?end;).x ï  'E^Z
T h e  incH oial e q u a tio n  th e n  y i e ld s  (B+lKn-^1) 0 , a n d  on  e q u a tin g  to  z e r o
2 3th e  c o e f f i c ie n t s  o f  $ , $ an d  $ , Iwe obtain
3   9  , 3
i  8 (n + 2) * Z 64 (n + 2)(n + 3) 64(n + 3)
3n  15  9 (n+4)
^3 = Ü 6 “ l 2 8  “ 2 5 6  
(n+Z )(n+4)
If A  , B  a r e  a r b it r a r y  c o n sta n ts*  th e n  th e  s o lu t io n  o f  ( i)  i s  
M (.] .
- . f  = .
T h e c o n s ta n ts  A  * B  a r e  d e te r m in e d  b y  c o n d it io n s  ( i i ) ,  w h ic h  y ie ld
T h e  s o lu t io n  f o r  M(« ) i s  th en  
0*
M(« ) a —  [ l  + *§(cr -e  ) + y^(qr ^ -  3or « + 2c c 8 n  64  n  n
 ^ - p - i j  { 8 0 ( c ^ ) « 9 9 c r  (c ^)-M8r  (tr ^+0" c -  2c ‘^ )}+0(<r )^1 1 0 2 4  *• ' n  n ' n  n  n  n  ' ' n
F r o m  (3k 5k 1 2 ) , (3k 5k 7 ) i t  f o l lo w s  th a t
1
I v l v ^  \ l v % \ ^
 ^ i 3 1 • i i r  +0  /  t\  %r . *^rs -‘I  / \ n  n  / n2 n  2 n
c
n
1 + •!■ gfâ*  ^ + 0 ( \ )  1 t(* )
, , 1 1 2, 5 3 4 J  t
•'■ 24 V  32‘"n + 5 Ï2^n  + > J
) .  ""n 5 1 2  2"— ~ ~  [ i  t —  (or *e ) 1- (9(T «• SOo* c +41$ )t  2 12  n  288  n  nn  c
- ~^ g4§ (999«^ + 360<^^e »• 4313<r /•  + 2954«^ ) + 0(0^)] .
■ *  ■ I '
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Derivation of {$. 6.1)
In the * simple wave* approxim ation t is  determ ined as a function of r  
from  equation (3* 2.1)* When the incident simple wave is  point-»centred
dB** 3at the origin then from  (3, 2. 3)a, and the in itia l condition
appropriate to (3* 2 .1) is  given by (3 .2 . 3)b.
On changing the p aram ete r in (3* Z* i)  from  r  to cr , (3 .2 .1 ) reduces to
dt . Z m
*  '
with the Initial condition; t  *.t^  ^ , cr
The appropriate solution to the above equation is
2I 12 r  . 5 1
‘ F  *24*" I . ;<* I I 1 , 1 .. . t ‘ -
Î.
&I
I#
1^
Appendix I j
f  G. D e r iv a t io n  o f  (3 , 7# 3)
The equations of the C , C characterxstios o f  the incident simple w a v e  
a re  respectively,
(i) »  - 3£{i*> =  ^ . { t-T (r)}  ,
W a n d
dx -On substituting fo r ^  from  (i) into (ii), the C~ ch arac te ris tic  of the
sim ple wave through the in itia l point of decay of the bore is  determ ined 
by the solution of
3(r+8 ) "T  ^+ T t Ï5S KCxT s n d r  2 ' '
where X(r) -  ^£X(x*) + (-jr *»-ga^) T(r)] ,
s u b je c t  to the co n d itio n s  t  « t , r  * rn n
The required  solution is  then
i
.1* (r+ 8^) I \(a )  (g+s^)^ dz .
n rn
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H +"\/ i+H
H
H > 1 .
G(r, o) i e  g iv e n  a© a  fu n c t io n  o f  r, a b y  e q u a tio n  ( 3 . 1 , 1 0 ) .  F r o m  (3 .1 . 8), 
w e h a v e
= - /m  ^ H-1 -, /1+H 2 / 2H H >  1 .
Hence; %r -» « ~ 7^ "\/{v*ra)^ + 4 = * ( V 52 2 4 V 2 V V 2r3
3 1 Cr+ s) - \ L . kZ , /trr n/l+H .y r  " -^8 - V + 4 a ( i/H  )#
(r+'s) £s(vi"a)' 'f 4 ] + 8  ' \ f z  a a *i- H + i  + 2 H
8
V H
3+D] ,
.■UMHIilniiiKlw I »
(ï+b) 8) + 4J “ 8 a/z X \jy(r't'8) + 4 z) [2M + M + 1 *' 2B ■a/z(M+1)3
.'. F rom  (3 .1 .10),
G[r(H), 0(H)]
V F +  V  ^
m r
V 2H
Gtr(H), b(H)3 = rrr  /l+ H
2H + H + 1 + 2H V2(H+1) 
21-/ + H + 1 - 2H -s/iÎH+T)", 
3
. H >  1 .
Appendix I
^ h T he e x p a n s io n s  (3. 7*. 20),
In term s of q » c -^ c , relatlons^S, 7,19) are:n
I tc n 1 4
q qIih -
1+Gn
/ 14 C =* c / n« V 1 -
22c "+1 n
c (c +1 n n
q 4 o(q^)
, . 2c \ l  ^
1* e* I' {^v , 6 ) " q + 0(q ) *
"  "  \ / 2 ( c / + i )
a 2 V T c (1  ^ A )n  c 'n
(C ^ i " 2 c  q+q^) / p q'^-Zqc
1 + cn
+ .C 14 cS3 c * q ( Ii ) V nllT * *** n .me* •mrt'
2 V I Ii
1 +
q "2c^q"
c -1 m
q !"■'1 « — I . i  +
I L
2q*^*2q c
1
n 2
II
1+cIi
Si c «qn
(c ^~i)-\ U c   ^+ Ii V Ii
2 7 r . Ii
Ii
0 8Ii
4 22c +c +1. + n n
4 6 4 22c +c +1 c "4c +c +2 II Ii . 1 1  n  n
. C { C ^ - 1 )Ii' Ii 20 ^{1+c ^ ( g “^ - i)Ii n n
q
2 V2 c ^ A + c  ^n Ii
q
+ O(q^)
2c ^+3c "^-3c ^-2  n Ii n
4c V 2 (l+ c  ) (1+C Ii n n
M- 0(q^l
u  e. KB 8
n £l % cr^q] Ï  <^(^4 O(q^)
n
'TV
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§A. The p articu la r in tégrale of equations (4. 2, i i ) ,  (4. 2,12)
The relevant e q u a tio n e  are :
Do;' 0Of* ,(1) t II'T"" + x i r — + (%' " 6' e 2c ,d t  9 X y+1 sw  dy
(2) t ^  * - 4 ^  Pjt) ^  = - 2 c ^  ^  .
By changing to characte rie tic  v ariab les , it may be seen that the homogeneous 
form e of the above equations a re  satisfied by t^e a rb itra ry  functions
e' = “-^ Z  H(Z)+ 70(75 , P’ = 2z"^'~ .y+1 t t iiZ>
C learly, if we choose f(%, t) such that f(%, t )» c ^  , then th is equation
may be w ritten as
, 3 ,  r , l i x , „ .  4 x 1  R t j i i  +  t i ï ' i - â a +  r - î -  —'•*' '• \/+ i Y+l ' 1 ' 8 % " * 8 t   ^ dy ‘ c  S ti « SW
0C. ,1 1 _ dw" '# 1  y + l ^ 'i 'c  0% dy ^ ' sw
From  (4, 2 ,1), (4. 2. 5) it follows that
9 o 8 csw V"i X sw "Y"! i  dy  ^ 74^
0 t  " y+i 2 ' 0% ^ y+i t  * 0 t y+i sw sw t
3"y
ana a t8 X  y +  i  BW
To derive the p articu la r in tegra ls of the non-homogeneous equations, 
we proceed as follows. Let us assum e that such a solution of (2) may >f
be w ritten in the form  P* * f(x, t)g(y), where f and g a re  to be 
determined* Then on substituting for p' in (2), we obtain
1^
Appendix II A -2
Consequently, x  " 4 y Ip. t ) ^  + t " 2 yyT 1 y-f 1 1 8 X â t y+ i ^
. 0 0  0 c1 j. aw ,3"y V"i aw  ^ ^ana 11 "r-"""-"- 4-  ^ ^ K i % «, g JL—»C *" d t  'y f l  y+l ' 1 9 %  -' y+lSW s is V
^Equation (3) then reduces to the aiinple form
dg . 1 y+l 1 dw
dy y V"*! y dy
which determ ines the function g a a
v+1 w(y)^  y " l  y
The p articu la r Integral of equation (B) is  then
c,.4V n# . .(4 )  br' a w iy )  ."Y"! y ^
To determ ine the p articu la r in tegra l of equation (1), a s im ila r procedure
i s  used. We assum e that is  o f the form  a* = p(x, t) q(y) , where p  
and q a re  to be determ ined. With p* given by (4), equation (1) tlien
becom es
.r 0 P , dq 8y, .. Bp dq By  | - y  ^sw , . , dw' k - g ;  + p - i f  ? f ]  + 4 q  '57„ + p i i J  pq ~  *
As before, if we now choose p(%, t) % c , then th is equation may be 
w ritten  as
<s) [ t | f  + + [ 1 + - L .  - l a s .  +_3_ f f = . ] q  « Ê3L Z Ë 1  i. 2 JÉ3a t  8 x  d y  8 t  c ^ 8 «  y + i  y  ' " d y  '
ri <\  ^ 8 c Bew y d y y^l sw SWBut, c '%'T +■ X'Q » El"*'— )y - and t a 0 .o t ox  Y+l d t  ox
Consequently equation (5) reduces to the sim ple form
Appendix II A" 3
dq , Y+l (3 “ y ) ( y+ 1) w (y ) Y+i dw
dy Z(Y«-l)y ..2 y (Y"i)y dy *2(Y"1)
w M ch  th e n  d e t e r m in e s  q a s
Y+i' y m i  y
The p a r t ic u la r  in t e g r a l  o f  (1 ) is  then
c, Y + i 8W
Y"i y
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9B. The constants , T . , T^ of equation.© (4. 3 .4), (4. 3, 5)
From  the Rankino-*Hugonlot relatione (1. 3. 5), we may w rite u, o and 8
c
a 8 functions of the param ete r 3C , that Is
ê
2 ,1-X^,
“ vi-i o ' X '  '
C ,  _  g,
oand rs log { 2^" (Y~ i  )3C*^ } + % log + EX ’^} *« 2
On differentiating the above relations w, r , t  ^ we then obtain
^  « 2(V+X^)
— :        ;(-yf ^ )k**d) -^ {  2'Y“{'V"4)x2} { (7-15 + 2X*}
, 1 dS 4v(v-d)X ( i+ X ^ /
%  2Y"(Ywi)x^}  ^(Y"1)+2X^} ]
The constants T , T^ , T^ a re  obtained from  those relations where X hasX *kr
the value X  * Thus
_, ,do, i  f , .,  _2. , ^ i r t ^  ) 1
d | ^  , - \ / { 27-(y*1 )X.2}{(-v-1 )+2x 2}
_  -dp. 1 r , 2(vti£ )
^ A  { Z y . { y ~ i Y ^ }  { { y - m Z i C  )
and
Appendix II
.2 2
^ cJ{27-(7 -l)X ^“}{(V“iH 2x2}3
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§Cr T h e  so lu t io n  o f  e q u a tio n  ( 4 . 4.» 6 )
d log Z
A ftei* s u b s t itu t in g  f o r  (c  ) ,sw dT and  K{%) in  t e r m s  o f  T
f r o m  (4 .4 . 6 )b* and (4 . 3 . 3 ) , e q u a tio n  ( 4 .4 .  6) m a y  b e  w r it t e n  a s
T .n.1 " s ' - i  2 . . .  / ) }  ] « ( n  + (T^ .  ^  | )  « (T)
n. £n
T
where x  « x # § (N)t j v « |o n n
I f  a  n e w  s e t  of constante, % , i s  defined by
K , = T ,  r  ;
^ 3  = 2 ($!>+% '
K: à  i.7 2 Y"i \ + i
VTn
X
K, « j-Yiij (i + XLZs .) I6 Z Y#i Xo
th e n  th e  a b o v e  e q u a tio n , a f t e r  s o m e  manipulation, i s  o f  th e  fo r m
( i)  $ (y) +
K % i  , *^4 o .
o i  Z
^  4' O
Kg)
K«
K,
« ( r )
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i  , i  , , ^ 3
K, *"X K,+K.^v 7  ^ Vi o i Z  2 O i 2  2
K ., " y
/  K
If w e  n o w  p u t
, "o  , 5  ^ 4 -0
" T '  h ^ K / ’ T Ï F k F O î »3- O A 6
 ^ KJS.., K I< K ,K
~ W. ^ " k ,+ k ”v ■ ^5^ ’ ®3 “ k" ^l'IEFC v" '^7 " ~~SZ'i o i Z  i o i Z  ^
1 ^ 6 ^ 0  , « 3
thea eqaatioa (1) is  simply
a^ "■ ^S %  ®S
i  " i
w h ic h  th e n  y ie ld ©
8^ . a.." T a . a, 3 4 5(B) (y+b^) (7^ "bg) $(7*) = J  (—g"" + + -^4(v+b  ^) (v"b )^ dv
y  a i
s in c e  $ { T' ) »  0 . n'
If th e  variable o f  in te g r a t io n  i s  c h a n g e d  from  v  to  i i  , w h e r e
V # ù(v"« T  ) + Tn  n
and if p a ram ete rs  w , w , w , r  , r  , a re  defined timeX 4^  ^ '«s. *iw4
A p p e n d ix  I I
w ni  T + h , n i
a.4
n i
T**r
w,2 Tn  2
r
r - r ^ a,
^3 n
th en  r e la t io n  (2 ) may he r e w r it te n  in  the fo r m
a a
;  P » .  (/-? -„ ) ( ^ )  t % i
2
2
0
i+ w .u  ' i+ w .u  l+w_u 2 1 3 %
a
( i+ w .u )  ( i+ w ^ u ) d u  ,%
examination of the form s fo r T , , T^ as functions of %
in  i t  may he seen th a t fo r y  Q 1 # 4  h_  <  T  f o r  all X  in
1 , I f Y i s  such that 7^ . ^^9  » then the s o lu t io n  p r e s e n te d*»W*« n
m u s t  he modified,
.AppendtKlI JD-l
$D. The soiiitloii fo r the shock locus a s  derived from  shock-expanslon 
theory.
The solution detailed h e r e  i s  due en tire ly  to  M e y e r  (1 9 5 9 )  and the p resen t
a u th o r  has reproduced i t  m a in ly  fo r  its  e le g a n c e  and for th e  fact th a t the
o r ig in a l  report may b e  d if f ic u lt  to  obtain.
The governing equations of motion of the system  may be w ritten as 
( 1 ) « - t +  [ G, * +  ii^-rc) B . J  ,
m  p ,^ + (w -c>p.^  = t  J  '
(3) S , ^ + u S . ^  = 0 .
where a  comma denotes differentiation w. %\ t  the indicated v a r ia b le .
From  ( i ) ,  (2) i t  then follows that
u , , t  (ufo)u, K „ F{g + u 8, 1 " ^ u ] .t  % t  %r * t  3T
On the basis  of shock*"expansion theory, th e  Rlemann Invariant p is  
en tire ly  a function of the entropy 8 , that is , p » P(S) and consequently 
p is  constant on the partic le  paths of the system . In conjunction with (3), 
this then Im plies th a t th e  p a r t ic le  v e lo c i t y  u is  constant on the C'‘‘ 
ch arac te ris tic s , S in c e  w e  can w r it e
U.J. !- (u^c)u,^-!- ~ [p .^  + (u+c)p, J  = 0 ,
■m^it follows that a s im ila r p roperty  holds fo r the pressure* p . The C 
ch a rac te ris tic s  a r e  lines o f  constant velocity and p re ssu re , even if they 
a r e  not lines of constant density nor straight a s  in the * sim ple wave* 
app roxim ation.
The sim plification aris ing  from  the assum ption, p » p ( S )  , i s  that it 
includes (B) a s  o n e  of i t s  consequences» so that only two c h a r a c t e r i s t ic  
equations rem ain to  b e  satisfied , th a t  i s  (B) and (3) .  A  convenient approach 
is  to c h o o s e  the partic le  velocity u and the m ass »-|i a s  independent 
variables, where
= P , a ~pw '
A p p e n d ix  I I
i\i  ^ u  a r e  c h a r a c t e r i s t ic  v a r ia b le s  s in c e  i(i « c o n s t a n t  on  th e  p a r t ic le
p a th s  an d  n  »  c o n s ta n t  on  th e  characteristics. We c a n  then w r it e
P a p(n) , 8 « 8(4;) , 0 « p(i);) .
Since 4', t  “ '  »  A * " " '  J
w h e r e  D  « , t ,  -* %# t , , ,  a n d  i t  la  a s s u m e d  th a t B  A o  ,y ; u 11 ip ’
i t  f o l lo w s  th a t  e q u a t io n s  ( i ) ,  (3)  b e c o m e  r e s p e c t iv e ly
(5) 3Z* « u t #  *u  u
On th e  CH* c h a r a c t e r i s t i c s ,
#  %);, 4  (u f  «  cp  d t ,
^  8**8§ (XW* o( 6 ) a n d  s o  t ,  , «  "é* e x p  ,4; cp d p  ^ By c^
w h e r e  w (p ) « c  ^  >^  V^i 0 'P' o
S in c e  th e  piston p a th  i s  a  p o s s ib l e  particle path* i t  f o l lo w s  th a t on the
p is to n  (3 e p d; constant, so that th e  r e la t io n  b e tw e e n  p r e s s u r e  and
v e lo c i t y  can be w r it t e n  m o r e  e x p l i c i t l y  in  th e  fo r m
B'c —** ^ n o(? ) U IS! «* 28  » w i p )  e x p  » Ep .' * y»i ‘ p 2y c p
M o r e o v e r ,  on the p is to n , th e  piston a c c e le r a t io n  b ,. Is g iv e n  byP
« bp ‘
Consequently* if the second derivative *^4,*% computed from equation
(6 ) w ith  the a id  of (?) and then Integrated a lo n g  a  characteristic from 
th e  p is to n  path to  a n  arbitrary particle path, th e  expression
Î8 ) t ,  «  i -  + f  d4,'
P J q  V
for t, as a function of 4^  and u is obtained.u
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On the shock curve, dx « $ dt # so that the slope of the shock curve
ifi « ijj (u) in  the p la n e  is
*
$ ij;
by e q u a tio n  (5).
U^hen the values fo r t, a re  equated from  (8), (9) we then obtainn  0
u. a>p . .. w"^  r   ^ K» OY,utc~#t 1 8 i  . d ,dw\ I » P t  8 ,
' ^  ' g-u ^cp du b dwMp^ J 2yc  ^ du ^ 1) i-t V
Since 6 is  known as a function S(u) on the shock and c , p , w  and g a re  
sim ilarly  known fr o m  th e  shook rela tions, the above r e la t io n  rep resen ts  
an ordinary d if f e r e n t ia l  e q u a tio n  f o r  th e  quantity
r  s(w>-s_(lOa) f{u) = J  dtt ,
V
(Ù ) ïhat  ia , .#%) U teE-SM  f/n) = du + du 'v3IUJ^ t3
(12) where h(u) # ^
' '** p
. d log g t.# \ d ,dw .and — b Miii ("t^ }du p dw 'dp
hb. t t i  _JP  
2*y P
w ith  g( P  i « 1 •
Consequently,
J  grg(w) f{tt) = + j li du .
The position x  and tim e t^ on the shock a re  given by
Appendix II
£r  8
p x  «lU « p x  + I exp ")' o 8 "a * o m  J Bye
(43)
vc
£ ^o
1 / '  it  « t  t  I 4" e x p  ) d£ ♦ -'%e m  J  i  3
o X *5(m whenThe constants are I «0# 8 =8 and t m ...‘ p  o  m  e  ( y r i i b .  co o o o
the in itial velocity of the piston la  %ero and Its Initial acceleration , b > 0 ;
and 8 x  « t  « 0 « £  , when the Initial velocity of the piston lap '* m m  o
I '>  0 . The solution (12) m ust be modified If p  » 0 and the piston
acceleration  la  Initially an Increasing function of tim e ao that the shock is
form ed in the sim ple wave domain#
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The coefficients \x^ » of equation (6# 4,16)
The param etric  solution fo r the path of the shock in the physical plane when 
derived from  shock-expansion theory is  given by equation (13) 9D. In the 
p resen t case,, the form ation of a shock wave* we assum e that the motion of 
the piston is given by
(1) X(t ) = ^ ^  , x^^^ +  0 ,P 2 p 6 p ~
following the notation adopted in §4 C hapter VI.
The velocity of the piston is
i ( t  ) 3 u = ,p  p  p
and since we a re  in terested  only in the in itial stages of the form ation of the 
shock wrave, th is relation may be inverted to give t as a function of u , 
that is , ^
J S )  o y U 3) ^2 { ) r  1
P ^(2) 2{ X' '}
F rom  ( i) , the acceleration  of the piston, b^ , is
) = b = ,p p i>
and on substituting* for t^  from  (E), we obtain
(3) b = A .u  A ,u^  -!■ A,«® + 0(A ) ,P -L ^ 0*
^.(3) ^ ^ ( 3 ) /  {^.(3). ^
= 3 '  ^ 2  = Z P J È T ^  ' ^ 3  " -
We fu rth er require the following se rie s  expansions of the shock relations in 
the param ete r 6 * defined in §Z Chapter VI.
U 2k-l  ^ f .  6 5 6 ' , 5~ ° o  " 2  2 ■ 2
. . , 1  ^ 1 , 1 ^3 Sk42 _4 ^G « c 11 "s' 7* o - rr*” o 4 "T'u -  --- 7* 5 f  Ol 5 )JG *• k 2k k  2 ■4k
A p p e n d ix  I I  E -2
(4) a MSktW [s^ 4 ,
%  s A
=s N t  6 t  5 t  0(6 )] fp  '• k  2 k  i
2 , , 2 . f^  S, Jd + - S | i  5 4 6  ^ - -^•■~|^~ 6  ^ t  0(6‘^ iJ . I
whtsre a»d the sé rie s  convejrge for | 6 j <  0. 62 when-y s  1.. 4.
A fter some mattipulatign we obtain the following esg»aneions! %S-S I
(s) ( ^ 7 |-) o p /^ ’^ ^v s [ i  -I- - ? ^ a  + 0 (6 '^ )} , '
Ï
s
(6) bp « l i  1- A^6 + 1 /  ^ Z y  + 0(6^)] , j
Where s »
. ( 2 M  y  A^ -  ( ^ o ^ A g  + | ( ^ %> •
Consequently * from  equations (4), (5)* # )  and relatione (IB) §©, we obtain 
the required expansiona, in the p aram ete r 6 , for the functions h(u),
that ie; 38 du ^
c p 2  ^ ^ 1
(7) h M  » H(6) e B 4 A j6 4 A^ê 4 4 0(G l ]  ,
X 6
- ... . Bki'l % . kf 1 , ir 2 . Bkf4 %whore A. «  ^ i \ .  i A_ e 4 A . - "* A , ; ïi k l 4 k l B K l  i
* ® 7 i | p -  ' o  Ï .  ^  - Ï 3I * “ ' î . ' - ï p  - „i . k  I
(8) i | E  Æ  ^  + ^2®^ '*' . l!
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'V' *“'* Bkitiwhere ^ ^ 2, ^ '
? ■— *r» "w 2kf  '*-■ ( BlCr»- 4 % ^  '-''B3 = 6 3 + A ^ + 6 , A , +  A g A ^ . - ^ ( A g + A ^ + A , A ^ ) + L ^  . I
wk ,.;i
The function f(u) « FÇfô) * defined h y  (10a) of §D, sa tisfies equation (id) of §D# -|
On substituting the above eixpameions fo r h(u), into th is equation d
we obtain, a l te r  some m anipulation, the re su lt ^ 'J
I I  ♦ | t i . & # C j j S \ C j 6 \ 0 ( 6 V * ^  ~ T S f  |r « + © 46+Djj8^ » 36^+0(fi^)J , |
: - t
3where ; jW W ÜW ^ .<3 %' i. 3  3 ^* A. i  I Df. D « # 4Ï  A W Æ ^ -3 ,3 #  ^ % J;'.
' 1This equation io to ho solved euhj$ot to the in itia l condition, I « £ , 6 « 0 , i
and the appropriate aolution la ^ dj
(10) :F(e> « f [1 4 S' 6 4 F , d  -I- r  d  + o(6^)] , jO a 4 jf s
where 3
F 3 « I  C » 3 - 2 B /2 © j* ® 4 + » 4 v |c , - 2 C 2 - ^  + #  I
' ' 2  ^
From  equations (iB) of §X> we obtain the required se rie s  expansions for x  * t  'î
in te rm s of 6 ; i
3 C S > X  [ I t  F_, G +  F ,  6 ^  +  F „ 5 ^  t  0 ( 6 ^ ) ]  , ®n r  1 2  3 :;:
F . IT. r t
t  * t^ id  t  F^6 4 (Fg -  IS 4 (Fg Fy t  )6^ 4 0(6^)] * :
By hack-substituting for the various coefficients, F  , F^ may he I
obtained as functions of the quantities o * k, ,
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F. a ?2 ,3fc!-î ,2k-1ît— - ^ T - V ^ a .  .
^ A ) J. .& (.S&zà c I ' f  J s l  ?} u 1^ i3 k  IBk '  k  u % U B X ^  4 '  k  7 3 % ^ ^  't x  /  J
&
42k-t-l)(fcl-2) k -4  ,2 k -l . X' '  . 3k-s-6 ,a k - l . { X
E». t«a:as of the param ete r it as (A-j-i c ) ~ k _  ,  ; F , , $ \  end F . a reh O  ^2Ci J  ^ 1 4 3
given by
„  2 ,2k-H ,
^1 " 3 < ~ k '  -
2fcH ?k+6 , 3 2
a i&k 12k 4
(2k+lMM2) k"4 . 5kf4 & 3
The coefficients quoted in  (6# 4 .16) a re  then given by
'^ 1  "  ^ 1  '  h  “  "  ”f  * i-S *“ ®’s  "  3 z^  ^T  '
and hence,
a ,2kM ,= -j t - T p -  .
4 ,2kt4 ki-2 « 3v^) «
c-2 “
-  (^ktllO kf-l) , 4M13 a -k  2 3'.'IT t  "Trr- 'TT - TT #3 , . . 2  30k 5 klok
ït le worthwhile to note that in d#riving the above expreesions, se rie s  
esqïansâoné of the Hankine-Hugoniot relations were employed which were 
taken to term s of o rd e r four in 6 . txi the solution to this problem by the 
method of Chapter VI those expansions required to be taken only to term s 
of order three in 6 .
A p p e n d ix  I I  F - i  ^
§F» .R e la tio n s  ( 6 , 5 .7 ) .
R e la t io n  8(6 . 5 . 7 )  a re :
c Ô/ d x \  Ô n  r . k-1 J, E 3 ..... 3 ,
\  2 /  2t 2k n '  n  'dt /  nn
&G & / n fJ2 -«wi^ jSLniSi. t 4 Ml A .-J. Qt A_  2 k n '  n "é tn  n
h i th e  c a s e  o f  th e  decay of a shock w a v e  by a pom t-centred s im p le  
r a r e fa c t io n  w a v e  th e  v e l o c i t y  o f  th e  p is to n  i e  discontinuous a t  th e  o r ig in  
o f  th e  c o -o r d in a te  system  an d  th e  s o lu t io n  for the p ath  o f  th e  shock wave 
as represented  by (1 3 ) @D m u s t  be m o d if ie d . Any partic le  path o f  the 
in c id e n t  simple wave c a n  b e  c h o s e n  as a piston path which resu lts  in the 
s a m e  motion o f  the modified shock wave. As a convenient p is to n  path, 
we choose the partic le  p a th  of the sim ple wave which p asses th ro u g h  the 
in itial point of decay of th e  shock wave. T he e q u a tio n  of t h i s  curve is 
represented  by
i  ^ i , « . ,t  G. 2 y « in \ i   ^ 1/ 1
where t  denotes the m e a s u r e  o f  tim e a lo n g  the partic le  path,
The acceleration  of the piston, b , is  then given byp
1 2k V  ,=
b 2k -l o, ' c /p 1 1
If th# se rie s  expansion for c in te rm s of 6 is  now substituted into the
a b o v e  r e la t io n ,  then we o b ta in
f ..I., Bk1 2k n "^ 1 M, 2M1_ , (2 k ll) (3 k f^ ^  2 , . .-S . .
b '  2k -l C c k  _ 2  u .p 0 0 2k
Î
A p p e n d ix  I I  F -  2
Only quadratic eiMpansions of the type indicated above in the square b rackets 
require to be examined in  ord er to  derive relations ( i ) ,  (Z )  above. This is  
n o t to  say that th ir d  o r d e r  t e r m s  in the s e r i e s  e x p a n s io n s  in  6 of the shock 
relations a re  ignored. The th ird  o rd e r te rm s rqquire to b e  considered 
when an expansion whose leading te rm  is  6 is obtained. In such a case, 
the f a c to r  ê is  r e m o v e d  outside the bracket and the resulting polynomial 
in Ô is  considered only to  te r y n s  o f  o rd er tw o . S u ch  a  c a s e  a r is e s  when 
the following expansion is  d e r iv e d ,
S (n )-S  .
I Vî'll iinji.ij.iA\. i . /f Bye i  r, , Bk"M „ , k f l  _2 ,(4 ) op A  V a ^   ^ 6 i* •"■'^ —■6 t  0 (o  )j .
F r o m  (3), (4 ) it  then follows that
I -(5) h(u) % H (6) ^ A^ "T [ i  f  4 0(6  )] ,
2k  ® £ f o
,  . 2k  2k  ,  f .  , k - 4  2 3  ,where A. ^ "ZTTTt p A v t ip li+ao f 0(6 if .i  2k"l n* o c Bk*i n* o n k  n '  n ^o
By definition, 5 -oJDJ "G>w«-i<A»Vyw -»«.*»»
I j ^  2k % ^0  ^  ^ Off<***» jjjj 4î^ w»«sMs 4wwwtt¥n*y4e- ^  jV ,| q A* ^  4,- #*# f 1g d u  2y p 2kH p  6^^* 2ko
O ^  ^ 6 "t 6^ 4 0(6^1] , where g(u) « G(G) ,
(6) .% G(6| « " 26 1" ' t  0( 6^ )] ,
n ^
where A . « [1 4 26 4 6 ^ 4 0(6 )] .2 n 2k n n *
It is  easily  verified  tliat ) « i  , as  is  required.
F rom  (5), (6) we then obtain
du 2k"i . . 6 f# , 7 k t i t ^  .H (6 | 0 (6 )  "TT * — A . A^iG "'~TZ 11 -3 0  4*^7"""'^6 4 0(o  |J  *do k 1 2 0 ^ 2 "' k6n
I I  F - 3
(? ) j H(Ô) 0 (6 ) I l  a e  = F (e )  G(Ô) , w W r e  i(u ) = F ( 6 )
n
'  T  [ t | - ) ' ( 1 . 2 ^ 6 ^ 0 ( 6 ^ ) )
n
? k 4 4  2  3.- (1 " 26 4 0(6 ))] ' n 2k n ' n
F r o m  ( 6 ) ,  (? ) w e  th e n  f in d , a f t e r  s o m e  a lg e b r a ,  th a t
(8 ) F ( 6) = [ i  -  \ j m }  .
w h e r e  b ,  »  1 -  26  + ^ o {8 “ j1 n  2k  n  n
Ô
A'(Ô) « (“ ) [4 4 26 4 ^ ^ 6 ^  4 0(6 )] .
F r o m  e q u a tio n  (13) w é  o b ta in
s  - s1 p ^
O 1  /  2-Y«v &a s  p  d 6‘ O
w h ic h , on  u s in g  r e la t io n s  (S ) and (8 ) ,  reduces to
%d x s d.A n I*. p."TTT* *  V “TT ^  -  2 v  i i  4  o  4  0 ( 6  )1 ,do d6 ,.3 ^o
2kC
where v « c t  ( ~ )  b. « c t  fl 4  6 ^ 4  0(6 ^)1 .o n c ' 1 o m  2k n ' n 'o
On the shock wave, dx « c (l46)dt , and consequently from  (9 )S O B
d ^% V (™ )M e '
Thus,
d Xs C ^(146) 0
2C 1 oI.W, ##*'?
at 'e ij 'd5' 2v (
8 ^ « 4  f 14 Ô
dt  ^8
2 ,d 2 ..V (Jg) ‘■as ‘ &J. d i
Appendix II
2 .>n
3 o f  6^
0(6 )] .
” ®n
H e n c e  a t  th e  in i t ia l  p o in t of d e c a y  of th e  s h o c k  w a v e , th e  deceleration 
an d  r a te  o f  c h a n g e  o f  d e c e le r a t io n  o f  th e  s h o c k  w a v e  a re  g iv e n  b y  th e  
e x p r e s s io n s ,
3
" i T  ®n [1 .  j g  0 ( 8 / ) ]  ,
n
^  a j i  + 0 1 6 /) ]  .  ^  a /  + 0 ( 6 / ) ]  .
n
